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Preface

Nearly every Ph.D. student in mathematics needs to pass a pre-
liminary or qualifying examination in real analysis. The purpose
of this book is to teach the material necessary to pass such an
examination.

I had three main goals in writing this text:
(1) present a very clear exposition;
(2) provide a large collection of useful exercises;
(3) make the text affordable.

Let me discuss each of these in more detail.

(1) There are a large number of real analysis texts already in
existence. Why write another? In my opinion, none of the exist-
ing texts are ideally suited to the beginning graduate student who
needs to pass a “prelim” or “qual.” They are either too hard, too
advanced, too encyclopedic, omit too many important topics, or
take a nonstandard approach to some of the basic theorems.

Students who are starting their graduate mathematics educa-
tion are often still developing their mathematical sophistication and
find that the more details that are provided, the better (within rea-
son). I have tried to make the writing as clear as possible and to
provide the details. For the sake of clarity, I present the theorems
and results as they will be tested, not in the absolutely most general
abstract context. On the other hand, a look at the index will show
that no topics that might appear on a preliminary or qualifying
examination are omitted.

All the proofs are “plain vanilla.” I avoid any clever tricks,
sneaky proofs, unusual approaches, and the like. These are the
proofs and methods that most experts grew up on.

ix
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(2) There are over 220 exercises. I tried to make them inter-
esting and useful and to avoid problems that are overly technical.
Many are routine, many are of moderate difficulty, but some are
quite challenging. A substantial number are taken from prelimi-
nary examinations given in the past at universities with which I
have been associated.

I thought long and hard as to whether to provide hints to the
exercises. When I teach the real analysis course, I give hints to the
harder questions. But some instructors will want a more challeng-
ing course than I give and some a less challenging one. I leave it
to the individual instructor to decide how many hints to give.

(3) T have on my bookshelf several books that I bought in the
early 1970’s that have the prices stamped in them: $10-$12. These
very same books now sell for $100-$200. The cost of living has
gone up in the last 40 years, but only by a factor of 5 or 6, not
a factor of 10. Why do publishers make textbooks so expensive?
This is particularly troublesome when one considers that nowadays
authors do their own typesetting and frequently their own page
layout.

My aim was to make the soft cover version of this text cost less
than $20 and to provide a version in .pdf format for free. To do
that, I am self-publishing the text.

At this point I should tell you a little bit about the subject
matter of real analysis. For an interval contained in the real line or
a nice region in the plane, the length of the interval or the area of
the region give an idea of the size. We want to extend the notion of
size to as large a class of sets as possible. Doing this for subsets of
the real line gives rise to Lebesgue measure. Chapters 2—4 discuss
classes of sets, the definition of measures, and the construction of
measures, of which one example is Lebesgue measure on the line.
(Chapter 1 is a summary of the notation that is used and the
background material that is required.)

Once we have measures, we proceed to the Lebesgue integral.
We talk about measurable functions, define the Lebesgue integral,
prove the monotone and dominated convergence theorems, look at
some simple properties of the Lebesgue integral, compare it to the
Riemann integral, and discuss some of the various ways a sequence
of functions can converge. This material is the subject of Chapters
5-10.
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Closely tied with measures and integration are the subjects of
product measures, signed measures, the Radon-Nikodym theorem,
the differentiation of functions on the line, and L? spaces. These
are covered in Chapters 11-15.

Many courses in real analysis stop at this point. Others also in-
clude some or all of the following topics: the Fourier transform, the
Riesz representation theorem, Banach spaces, and Hilbert spaces.
We present these in Chapters 16-19.

The prerequisites to this text are a solid background in un-
dergraduate mathematics. An acquaintance with metric spaces is
assumed, but no other topology. A summary of what you need to
know is in Chapter 1. All the necessary background material can
be learned from many sources; one good place is the book [3].

At some universities preliminary or qualifying examinations in
real analysis are combined with those in undergraduate analysis or
topology or complex analysis. If that is the case at your university,
you will have to supplement this text with texts in those subjects.

Further reading is always useful. I have found the books [1], [2],
and [4] helpful.

I would like to thank A. Baldenko, I. Ben-Ari, K. Bharath, K.
Burdzy, D. Ferrone, E. Giné, M. Gordina, E. Hsu, G. Lawler, L.
Lu, K. Marinelli, J. Pitman, M. Poehlitz, H. Ren, L. Rogers, and
A. Teplyaev for some very useful suggestions.

If you have comments, suggestions, corrections, etc., I would be
glad to hear from you: r.bass@uconn.edu. I cannot, however,
provide hints or solutions to the exercises.

Good luck with your exam!
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Chapter 1

Preliminaries

In this short chapter we summarize some of the notation and ter-
minology we will use and recall a few definitions and results from
undergraduate mathematics.

1.1 Notation and terminology

We use A€, read “A complement,” for the set of points not in A.
To avoid some of the paradoxes of set theory, we assume all our
sets are subsets of some given set X, and to be precise, define

A={ze X :x ¢ A}.
We write
A-B=ANB°
(it is common to also see A\ B) and
AAB =(A-B)U(B - A).

The set AAB is called the symmetric difference of A and B and
is the set of points that are in one of the sets but not the other.
If T is some index set, a collection of subsets { A, }acr is disjoint if
A, N Ag = whenever a # f3.

We write A; T if Ay C As C --- and write A; T A if in addition
A = U, A;. Similarly A; | means 43 D Ay D --- and A; | A
means that in addition A = N2, A;.

1



2 CHAPTER 1. PRELIMINARIES

We use Q to denote the set of rational numbers, R the set of
real numbers, and C the set of complex numbers. We use

x Vy =max(z,y) and x Ay = min(z,y).

We can write a real number x in terms of its positive and negative
parts: © = v — x~, where

zt=z2Vv0 and = = (—z) V0.
If z is a complex number, then Z is the complex conjugate of z.

If f is a function whose domain is the reals or a subset of the
reals, then limy,_,, f(y) and lim,_,,_ f(y) are the right and left
hand limits of f at x, resp.

We say a function f : R — R is increasing if x < y im-
plies f(x) < f(y) and f is strictly increasing if © < y implies
f(z) < f(y). (Some authors use “nondecreasing” for the former
and “increasing” for the latter.) We define decreasing and strictly
decreasing similarly. A function is monotone if f is either increas-
ing or decreasing.

Given a sequence {a,} of real numbers,

lim sup a,, = inf sup a,,,
n—oo " m>n

liminf a,, = sup inf a,,.

n—00 n m>n
For example, if
1, n even,
tn = {—1/n7 n odd,
then limsup,, ,. a, = 1 and liminf,,_,. a, = 0. The sequence

{a,} has a limit if and only if limsup,,_, ., a, = liminf,,_,, a,, and
both are finite. We use analogous definitions when we take a limit
along the real numbers. For example,

limsup f(y) = inf supf(y).

y—x >0y —z|<s

1.2 Some undergraduate mathematics

We recall some definitions and facts from undergraduate topology,
algebra, and analysis. The proofs and more details can be found
in many places. A good source is [3].
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A set X is a metric space if there exists a metricd : X x X — R
such that
(1) d(z,y) = d(y,z) for all z,y € X;
(2) d(z, y)>0forallx y € X and d(x,y) = 0 if and only if z = y;
(3) d(z,z) < d(x,y) + d(y, 2) for all z,y,z € X.

Condition (3) is called the triangle inequality.

Given a metric space X, let
B(zx,r)={ye X : d(z,y) <r}

be the open ball of radius r centered at z. If A C X, the interior
of A, denoted A°, is the set of x such that there exists r,, > 0 with
B(x,r,) C A. The closure of A, denoted A, is the set of x € X
such that every open ball centered at x contains at least one point
of A. A set Ais open if A = A°, closed if A=A. If f: X = R,
the support of f is the closure of the set {z : f(z) # 0}. f is
continuous at a point x if given € > 0, there exists § > 0 such
that |f(z) — f(y)| < & whenever d(z,y) < 6. f is continuous if
it is continuous at every point of its domain. Omne property of
continuous functions is that f~!(F) is closed and f~1(G) is open
if f is continuous, F' is closed, and G is open.

A sequence {z,} C X converges to a point z € X if for each
€ > 0 there exists N such that d(x,,z) < x whenever n > N. A
sequence is a Cauchy sequence if for each £ > 0 there exists N such
that d(x,, r,) < € whenever m,n > N. If every Cauchy sequence
in X converges to a point in X, we say X is complete.

An open cover of a subset K of X is a collection {G}acr of
open sets such that K C UyerG,. The index set I can be finite
or infinite. A set K is compact of every open cover contains a
finite subcover, i.e., there exists Gy,...,G, € {Gataer such that
K cU,G,.

We have the following two facts about compact sets.

Proposition 1.1 If K is compact, F C K, and F is closed, then
F' is compact.

Proposition 1.2 If K is compact and f is continuous on K, then
there exist x1 and xo such that f(x1) = infyex f(x) and f(as) =
sup,ci f(x). In other words, f takes on its mazimum and mini-
mum values.
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Remark 1.3 If z # y, let r = d(x,y) and note that d(z,r/2) and
d(y,r/2) are disjoint open sets containing = and y, resp. Therefore
metric spaces are also what are called Hausdorff spaces.

Let F be either R or C. X is a vector space or linear space if
there exist two operations, addition (4) and scalar multiplication,
such that
D)z+y=y+zforal z,y € X;

(2) (z4+y) +z=a+ (y+2) forall z,y,z € X;

(3) there exists an element 0 € X such that 0 + z = x for all
T € X;

4) for each z in X there exists an element —x € X such that
z+ (—x) = 0;

(B)c(z+y) =cx+cyforall z,y € X, ce F;

(6) (c+d)x=cx+dxforallz € X, ¢,d € F
(7) e(dz) = (ed)x for all x € X, ¢,d € F;
(8) lz =z forall z € X.

We use the usual notation, e.g., v —y = = + (—y).

X is a normed linear space if there exists a map x — ||z|| such
that
(1) ||z|| = 0 for all z € X and ||z|| = 0 if and only if 2 = 0;
(2) |lex|| = || ||z|| for all ¢ € F and z € X;
®3) [l +yll < [lz]| + [lyl| for all 2,y € X.

Given a normed linear space X, we can make X into a metric
space by setting d(x,y) = ||z — y||.

A set X has an equivalence relationship “~" if
(1) x ~x for all z € X;
(2) if x ~ y, then y ~ z;
(3)if z ~y and y ~ z, then z ~ z.

Given an equivalence relationship, X can be written as the
union of disjoint equivalence classes. = and y are in the same
equivalence class if and only if x ~ y. For an example, let X = R
and say x ~ y if x — y is a rational number.

A set X has a partial order “<” if
(1) x <z forall x € X;
(2) if x <y and y < x, then x = y.

Note that given x,y € X, it is not necessarily true that x <y
or y < x. For an example, let Y be a set, let X be the collection
of all subsets of Y, and say A < Bif A,B€ X and A C B.
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We need the following three facts about the real line.

Proposition 1.4 Suppose K C R, K is closed, and K is contained
in a finite interval. Then K is compact.

Proposition 1.5 Suppose G C R is open. Then G can be written
as the countable union of disjoint open intervals.

Proposition 1.6 Suppose f : R — R is an increasing function.
Then both limy_,, f(y) and lim,_,,_ f(y) exist for every z. More-
over the set of x where f is not continuous is countable.

For an application of Hilbert space techniques to Fourier series,
which is the last section of Chapter 19, we will use the Stone-
Weierstrass theorem. The particular version we will use is the
following.

Theorem 1.7 Let X be a compact metric space and let A be a
collection of continuous complex-valued functions on X with the
following properties:

(1) If f,g € A and c € C, then f +g, fg, and cf are in A;

(2) If f € A, then f € A, where f is the complex conjugate of f;
(3) If x € X, there exists f € A such that f(x) # 0;

(4) If x,y € X with v # y, there exists f € A such that f(x) #
f(y). Then the closure of A with respect to the supremum norm is
the collection of continuous complex-valued functions on X.

The conclusion can be rephrased as saying that given f contin-
uous on X and € > 0, there exists g € A such that

sup |f(z) — g(z)| <e.
zeX

When (3) holds, A is said to vanish at no point of X. When (4)
holds, A is said to separate points. In (3) and (4), the function f
depends on = and on z and y, resp.

For a proof of Theorem 1.7 see [1] or [3].
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Chapter 2

Families of sets

2.1 Algebras and c-algebras

When we turn to constructing measures in Chapter 4, we will see
that we cannot in general define the measure of an arbitrary set.
We will have to restrict the class of sets we consider. The class of
sets that we will want to use are o-algebras (read “sigma algebras”).

Let X be a set.

Definition 2.1 An algebra is a collection A of subsets of X such
that

(1)) e Aand X € A,

(2) if A € A, then A° € A;

(3)if Ay,..., A, € A, then U, A; and NI, A; are in A.

A is a o-algebra if in addition
(4) whenever A;, Ag, ... are in A, then U®; A; and N2, A; are in

A.

In (4) we allow countable unions and intersections only; we do
not allow uncountable unions and intersections. Since N{2;A; =
(US2, AS)¢, the requirement that N2, A; be in A is redundant.

The pair (X, .A) is called a measurable space. A set A is measurable
it Ae A
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Example 2.2 Let X = R, the set of real numbers, and let A be
the collection of all subsets of R. Then A is a o-algebra.

Example 2.3 Let X =R and let
A={ACR: Ais countable or A° is countable}.

Verifying parts (1) and (2) of the definition is easy. Suppose
Ay, As, ... are each in A. If each of the A; are countable, then
U;A; is countable, and so is in A. If Af is countable for some iy,
then

(UAi)C = ﬂ,»Af C Ago

is countable, and again U;A; is in A. Since NA; = (U;A5)¢, then
the countable intersection of sets in A is again in A.

Example 2.4 Let X = [0,1] and let A = {0, X,[0,1],(3,1]}.
Then A is a o-algebra.

Example 2.5 Let X = {1,2,3} and let A = {X,0,{1},{2,3}}.
Then A is a o-algebra.

Example 2.6 Let X = [0,1], and let By,..., Bg be subsets of X
which are pairwise disjoint and whose union is all of X. Let A be
the collection of all finite unions of the B;’s as well as the empty
set. (Thus A consists of 2% elements.) Then A is a o-algebra.

Lemma 2.7 If A, is a o-algebra for each « in some index set I,
then NaerAeq s a o-algebra.

Proof. This follows immediately from the definition. O

If we have a collection C of subsets of X, define
a(C) =N{A, : A, is a o-algebra,C C A},

the intersection of all g-algebras containing C. Since there is at
least one g-algebra containing C, namely, the one consisting of all
subsets of X, we are never taking the intersection over an empty
class of o-algebras. In view of Lemma 2.7, C is a o-algebra. We
call o(C) the o-algebra generated by the collection C, or say that
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C generates the o-algebra o(C). It is clear that if C; C Ca, then
0(C1) C 0(C2). Since o(C) is a o-algebra, then o(c(C)) = o(C).

If X has some additional structure, say, it is a metric space,
then we can talk about open sets. If G is the collection of open
subsets of X, then we call 0(G) the Borel o-algebra on X, and this
is often denoted B. Elements of B are called Borel sets and are
said to be Borel measurable. We will see later that when X is the
real line, B is not equal to the collection of all subsets of X.

We end this section with the following proposition.

Proposition 2.8 If X = R, then the Borel o-algebra B is gener-
ated by each of the following collection of sets:

(1) € ={(a,b):a,beR};

(2) Cy={[a,b]:a,beR};

(3) C3={(a,b]:a,beR};

(4) Cs={(a,0):acR}.

Proof. (1) Let G be the collection of open sets. By definition,
o(G) is the Borel o-algebra. Since every element of C; is open,
then C; C G, and consequently o(Cy) C 0(G) = B.

To get the reverse inclusion, if G is open, it is the countable
union of open intervals by Proposition 1.5. Every finite open in-
terval is in Cy. Since (a,00) = U2, (a,a + n), then (a,00) € o(Cy)
if @ € R and similarly (—oo,a) € o(Cy) if @ € R. Hence if
G is open, then G € o(Cy). This says G C o(Cy1), and then

B=0(G) Co(c(C1)) =0(C1).

(2) If [a,b] € Ca, then [a,0] = NS (a — 2,0+ 1) € o(G).
Therefore C C 0(G), and hence o(C2) C 0(0(G)) = 0(G) = B.

If (a,b) € C1, choose ng > 2/(b — a) and note

. 11
(a,b) = U2, [a + - ﬂ € (Ca).
Therefore C; C o(C2), from which it follows that B = o(C1) C
o(0(Ca)) = a(C2).

(3) Using (a,b] = N2, (a,b+ 1), we see that C3 C o(C1), and
as above we conclude that ¢(C3) C o(C1) = B. Using (a,b) =
U2, (a,b — 1], provided ng is taken large enough, C; C o(Cs),

and as above we argue that B = o0(C1) C 0(C3).
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(4) Because (a,b] = (a,00) — (b,0), then C; C o(C4). Since
(a,00) = U2, (a,a+n], then Cy C 0(C3). As above, this is enough
to imply that o(C4) = B. O

2.2 The monotone class theorem
This section will be used in Chapter 11.

Definition 2.9 A monotone class is a collection of subsets M of
X such that

(1) if A; T A and each 4; € M, then A € M,

(2) if A; | A and each A; € M, then A € M.

The intersection of monotone classes is a monotone class, and
the intersection of all monotone classes containing a given collection
of sets is the smallest monotone class containing that collection.

The next theorem, the monotone class theorem, is rather tech-
nical, but very useful.

Theorem 2.10 Suppose Ag is an algebra, A is the smallest o-
algebra containing Ao, and M is the smallest monotone class con-
taining Ag. Then M = A.

Proof. A o-algebra is clearly a monotone class, so M C A. We
must show A C M.

Let N1 = {A € M : A° € M}. Note N is contained in M and
contains Ay. If A; T A and each A; € N7, then each A¢ € M and
A¢ | Ac. Since M is a monotone class, A° € M, and so A € N;.
Similarly, if A; | A and each A; € N7, then A € ;. Therefore N7
is a monotone class. Hence N1 = M, and we conclude M is closed
under the operation of taking complements.

Let Ng = {A e M: ANB € Mforall B € Ay}. Note
the following: N> is contained in M and N> contains Ag because
Ap is an algebra. If A; + A, each A; € N>, and B € Ay, then
ANB = U2, (4;NB). Because M is a monotone class, ANB € M,
which implies A € N3. We use a similar argument when A; | A.
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Therefore N3 is a monotone class, and we conclude Ny = M. In
other words, if B € Ag and A € M, then AN B € M.

Let N5 ={A e M: AnNB € Mforall B € M}. As in
the preceding paragraph, A3 is a monotone class contained in M.
By the last sentence of the preceding paragraph, N3 contains Ag.
Hence Ny = M.

We thus have that M is a monotone class closed under the
operations of taking complements and taking intersections. This
shows M is a o-algebra, and so A C M. |

2.3 Exercises

Exercise 2.1 Find an example of a set X and a monotone class
M consisting of subsets of X such that ) € M, X € M, but M is
not a o-algebra.

Exercise 2.2 Find an example of a set X and two o-algebras A;
and A, each consisting of subsets of X, such that A4; U Ay is not
a o-algebra.

Exercise 2.3 Suppose A; C Ay C --- are og-algebras consisting
of subsets of a set X. Is U2, A; necessarily a o-algebra? If not,
give a counterexample.

Exercise 2.4 Suppose M; C My C --- are monotone classes.
Let M = U2 M,,. Suppose A; T A and each 4; € M. Is A
necessarily in M7 If not, give a counterexample.

Exercise 2.5 Let (Y,.A) be a measurable space and let f map
X onto Y, but do not assume that f is one-to-one. Define B =
{f71(A) : A € A}. Prove that B is a o-algebra of subsets of X.

Exercise 2.6 Suppose A is a o-algebra with the property that
whenever A € A, there exist B,C € A with BNC =, BUC = A,
and neither B nor C' is empty. Prove that A is uncountable.

Exercise 2.7 Suppose F is a collection of real-valued functions on
X such that the constant functions are in F and f + g, fg, and cf
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are in F whenever f,g € F and ¢ € R. Suppose f € F whenever
fn — f and each f,, € F. Define the function

(@) 1, z€A;
T) =
xa 0, z¢A.

Prove that A ={A C X : x4 € F} is a o-algebra.

Exercise 2.8 Does there exist a g-algebra which has countably
many elements, but not finitely many?



Chapter 3

Measures

In this chapter we give the definition of a measure, some examples,
and some of the simplest properties of measures. Constructing
measures is often quite difficult and we defer the construction of
the most important one, Lebesgue measure, until Chapter 4

3.1 Definitions and examples

Definition 3.1 Let X be a set and A a og-algebra consisting of
subsets of X. A measure on (X,.A) is a function p : A — [0, 00]
such that

(1) p(®)=0;
(2)if A; € A,i=1,2,..., are pairwise disjoint, then

p(U2 A = p(As).
i=1
Saying the A; are pairwise disjoint means that A;NA; = 0 if i # j.

Definition 3.1(2) is known as countable additivity. We say a set
function is finitely additive if p(U', A;) = Y7 | u(A;) whenever
Ay, ..., A, are in A and are pairwise disjoint.

The triple (X, A, ) is called a measure space.

13
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Example 3.2 Let X be any set, 4 the collection of all subsets of
X, and p(A) the number of elements in A. pu is called counting
measure.

Example 3.3 Let X = R, A the collection of all subsets of R,
1,%9,... € R, and aj,as,... > 0. Set

{i:x, €A}

Counting measure is a particular case of this is if ; = ¢ and all the
a; = 1.

Example 3.4 Let 0,(4) = 1 if z € A and 0 otherwise. This
measure is called point mass at x.

Proposition 3.5 The following hold:

(1) If A,B € A with A C B, then u(A) < u(B).

(2) If A; € A and A = U2 A, then pu(A) < 322, w(A;).

(3) Suppose A; € A and A; 1 A. Then p(A) = limy, o0 1(Ay).

(4) Suppose A; € A and A; | A. If u(A1) < oo, then we have
p(A) = limy, s 00 pu(An).

Proof. (1) Let Ay = A, Ay = B— A, and A3 = Ay = --- = ().
Now use part (2) of the definition of measure to write

w(B) = p(A) + (B —A) +0+0+--- > u(A).

(2) Let Bl = 1417 BQ = A2 - Al; B3 = Ag - (Al UAQ), B4 =
A4 - (A1 U A2 @] Ag), and in general B'L = Az - (U;;IIAJ) The Bz
are pairwise disjoint, B; C A; for each ¢, and U2, B; = U2, A;.

Hence
oo oo

p(A) = p(U2, By) Zu SZ

(3) Define the B; as in (2). Since U, B; = U A4;, then
p(A) = (U2, Ay) = p(U32, Bi) = > u(By)
i=1

= lim > p(Bi) = lim p(UiLBi) = lim_ p(Ui, Ay).



3.1. DEFINITIONS AND EXAMPLES 15

(4) Apply (3) to the sets A; — A;, i = 1,2,.... The sets A1 — 4,
increase to A1 — A, and so

(A1) — p(A) = p(Ar — A) = lim p(A; — Ay)

Now subtract (A1) from both sides and then multiply both sides
by —1. O

Example 3.6 To see that p(A;1) < oo is necessary in Proposition
3.5, let X be the positive integers, 1 counting measure, and A; =
{i,i + 1,...}. Then the A; decrease, u(A;) = oo for all i, but

n(NiA;) = p(0) = 0.

Definition 3.7 A measure u is a finite measure if p(X) < oco. A
measure 4 is o-finite if there exist sets E; € A fori =1,2,... such
that p(E;) < oo for each i and X = U2, E;. If 11 is a finite measure,
then (X, A, ) is called a finite measure space, and similarly, if u
is a o-finite measure, then (X, A, u) is called a o-finite measure
space.

If we let F,, = U, F;, then u(F,) < oo for each n and F, T X.
Therefore there is no loss of generality in supposing the sets E; in
Definition 3.7 are increasing.

Let (X, A, ) be a measure space. A subset A C X is a null set
if there exists a set B € A with A C B and p(B) = 0. We do not
require A to be in A. If A contains all the null sets, then (X, A, u)
is said to be a complete measure space. The completion of A is the
smallest o-algebra A containing A such that (X, A, 1) is complete.
Sometimes one just says that A is complete or that u is complete
when (X, A, 1) is complete.

A probability or probability measure is a measure g such that
uw(X) = 1. In this case we usually write (Q,F,P) instead of
(X, A, ), and F is called a o-field, which is the same thing as
a o-algebra.
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3.2 Exercises

Exercise 3.1 Suppose (X,.A) is a measurable space and p is a
non-negative set function that is finitely additive and such that
(@) = 0. Suppose that whenever A; is an increasing sequence of
sets in A, then p(U; A;) = lim; o0 1(A;). Show that p is a measure.

Exercise 3.2 Let X be an uncountable set and let A be the collec-
tion of subsets A of X such that either A or A€ is countable. Define
u(A) = 0if A is countable and p1(A) = 1 if A is uncountable. Prove
that p is a measure.

Exercise 3.3 Suppose (X, A, 11) is a measure space and A, B € A.
Prove that

p(A) + u(B) = n(AU B) + u(AN B).

Exercise 3.4 3. Prove that if p1, uo, ... are measures on a mea-
surable space and ag,as,... € [0,00), then Y 07| anp, is also a
measure.

Exercise 3.5 3. Prove that if (X, A, 11) is a measure space, B € A,
and we define v(A) = u(A N B) for A € A, then v is a measure.

Exercise 3.6 Suppose p1, fi2,... are measures on a measurable
space (X, A) and p,(A) 1 for each A € A. Define

p(A) = Tim i, (A).

n—oo

Is p necessarily a measure? If not, give a counterexample. What
if ppn(A) | for each A € A and p;(X) < o0?

Exercise 3.7 Let (X, A, u) be a measure space, let A/ be the col-
lection of null sets with respect to A, and let B = o(AUN). Show
that (X, B, p) is complete and is the completion of (X, A, u).

Exercise 3.8 Suppose X is the set of real numbers, B is the Borel
o-algebra, and m and n are two measures on (X,5) such that
m((a,b)) = n((a,b)) whenever a < b. Prove that m(A) = n(A4)
whenever A € B.
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Exercise 3.9 Suppose (X,.A) is a measurable space and C is an
arbitrary subset of A. Suppose m and n are two o-finite mea-
sures on (X, .A) such that m(A) = n(A) for all A € C. Is it true
that m(A) = n(A) for all A € o(C)? What if m and n are finite

measures?
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Chapter 4

Construction of
measures

Our goal in this chapter is give a method for constructing measures.
This is a complicated procedure, and involves the concept of outer
measure, which we introduce in Section 4.1.

Our most important example will be one-dimensional Lebesgue
measure, which we consider in Section 4.2. Further results and
some examples related to Lebesgue measure are given in Section
4.3.

One cannot define the Lebesgue measure of every subset of the
reals. This is shown in Section 4.4.

The methods used to construct measures via outer measures
have other applications besides the construction of Lebesgue mea-
sure. The Carathéodory extension theorem is a tool developed in
Section 4.5 that can be used in constructing measures.

Let us present some of the ideas used in the construction of
Lebesgue measure on the line. We want the measure m of an open
interval to be the length of the interval. Since every open subset
of the reals is the countable union of disjoint open intervals (see
Proposition 1.5), if G = US2, (a;, b;), where the intervals (a;, b;) are
pairwise disjoint, we must have

o0
m(G) = (b — ai).

i=1

19
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We then set
m(E) = inf{m(G) : G open, A C G}

for arbitrary subsets £ C R. The difficulty is that m is not a
measure on the o-algebra consisting of all subsets of the reals; this
is proved in Section 4.4. We resolve this by considering a strictly
smaller o-algebra. This is the essential idea behind the construction
of Lebesgue measure, but it is technically simpler to work with
intervals of the form (a, b] rather than open intervals.

4.1 Owuter measures

We begin with the notion of outer measure.

Definition 4.1 Let X be a set. An outer measure is a function
w* defined on the collection of all subsets of X satisfying

(1) p*(0) = 0;

(2) if A C B, then p*(A) < p*(B);

(3) pr (U 4;) < 302 wr(A Z) whenever Aj, As, ... are subsets of
X.

A set N is a null set with respect to p* if p*(N) = 0.

A common way to generate outer measures is as follows.

Proposition 4.2 Suppose C is a collection of subsets of X such
that § and X are both in C. Suppose £ : C — [0, 00] with £(0) = 0.
Define

@ (E) = inf { Z€(AZ-) 1 A; € C for each i and E C U;’ilAi}.
i=1
(4.1)

Then p* is an outer measure.

Proof. (1) and (2) of the definition of outer measure are obvious.
To prove (3), let Ay, Ay, ... be subsets of X and let ¢ > 0. For
each i there exist C;1,Cjo,... € C such that A; C Us2,Ci; and
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Zj 6(0”) < /J*(AZ) +€/2i. Then UfilAz C U; Uj Cij and
P (U 4i) < Zf Cij) = Z (ZE(C@‘))
) + 26/21
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<.
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Since ¢ is arbitrary, p* (U2, A;) < >0 w*(As). O

Example 4.3 Let X = R and let C be the collection of intervals
of the form (a,b], that is, intervals that are open on the left and
closed on the right. Let ¢(I) = b— a if I = (a,b]. Define p* by
(4.1). Proposition 4.2 shows that p* is an outer measure, but we
will see in Section 4.4 that p* is not a measure on the collection
of all subsets of R. We will also see, however, that if we restrict
u* to a g-algebra £ which is strictly smaller than the collection of
all subsets of R, then p* will be a measure on £. That measure is
what is known as Lebesgue measure. The o-algebra L is called the
Lebesgue o-algebra.

Example 4.4 Let X = R and let C be the collection of intervals
of the form (a,b] as in the previous example. Let v : R — R
be an increasing right continuous function on R. Thus a(z) =
limy,_,,+ a(y) for each x and a(z) < o(y) if ¢ < y. Let {(I) =
a(b) — ala) if I = (a,b]. Again define u* by (4.1). Again Propo-
sition 4.2 shows that p* is an outer measure. Restricting p* to
a smaller o-algebra gives us what is known as Lebesgue-Stieltjes
measure corresponding to «. The special case where a(x) = x for
all = is Lebesgue measure.

In general we need to restrict p* to a strictly smaller o-algebra
than the collection of all subsets of R, but not always. For example,
if a(x) =0 for x < 0 and 1 for z > 1, then the corresponding
Lebesgue-Stieltjes measure is point mass at 0 (defined in Example
3.4), and the corresponding o-algebra is the collection of all subsets
of R.
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Definition 4.5 Let p* be an outer measure. A set A C X is
w*-measurable if

W(E) = p*(ENA) + ' (BN A°) (4.2)

for all F C X.

Theorem 4.6 If u* is an outer measure on X, then the collection
A of p*-measurable sets is a o-algebra. If v is the restriction of p*
to A, then p is a measure. Moreover, A contains all the null sets.

This is sometimes known as Carathéodory’s theorem, but do not
confuse this with the Carathéodory extension theorem in Section
4.5.

Proof. By Definition 4.1,
pH(E) < p*(ENA)+p (BN A

for all E C X. Thus to check (4.2) it is enough to show
pH(E) Z pr(E0A) + p* (BN A%).

This will be trivial in the case p*(E) = oo.

Step 1. First we show A is an algebra. If A € A, then A € A by
symmetry and the definition of A. Suppose A,B € A and F C X.
Then

p*(B) = p* (BN A) + p* (BN A°)
=[p (ENANB)+p (ENANBY)]
+ [ (ENA°NB)+ pu*(EN A°N B9).

The second equality follows from the definition of A with E first
replaced by EFNA and then by FNA€. The first three summands on
the right of the second equals sign have a sum greater than or equal
to p*(EN(AUB)) because AUB C (ANB)U(ANB®)U(A°NB).
Since A°N B° = (AU B)¢, then

w*(E) > u*(EN (AUB)) + " (BN (AU B)°),

which shows AU B € A. Therefore A is an algebra.
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Step 2. Next we show A is a o-algebra. Let A; be pairwise disjoint
sets in A, let B, = Uj_ A;, and B =U2 | A;. If £ C X,

w(ENB,)=p (ENB,NA,)+u (ENB,NA)
=u (ENA,)+u (ENDBy_1).

Similarly, p*(E N Bp—1) = p*(E N Ap—1) + p*(E N B,_2), and
continuing, we obtain

“(ENBy) Z (ENA;)
Since B,, € A, then
w (E) = p*(ENBy) +p*(ENBE) Z (ENA;)+u*(ENB°).

Let n — oco. Recalling that p* is an outer measure,

WK

w(E) 2 Y (BN A) + (BN B) (4.3)

.
I

v
= E,E,

UZ (BN A)) + p*(E N B

1
(
“(ENB)+ u*(EN B

Y

—

This shows B € A.

Now if 01,02,... are sets in A, let A1 = Cl, A2 = C’Q — Al,
As = C3 — (A1 U As), and in general 4; = C; — (U i_lA j). Since
each C; € A and A is an algebra, then A; = C; N CC 1 € A. The
A; are pairwise disjoint, so from the previous paragraph,

U;’il(]i = U?iﬂqi e A

Also, N2, C; = (U2, CF)° € A, and therefore A is a o-algebra.

Step 3. We now show u* restricted to A is a measure. The only way
(4.3) can hold is if all the inequalities there are actually equalities,
and in particular,

pHE) =Y p(ENA)+p" (BN B°).

i=1
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Taking F = B, we obtain

or u* is countably additive on A.

Step 4. Finally, if u*(A) =0 and E C X, then
p(ENA)+p(ENAS) =p"(ENA%) < p*(E),

which shows A contains all the null sets. O

4.2 Lebesgue-Stieltjes measures

Let X = R and let C be the collection of intervals of the form (a, b],
that is, intervals that are open on the left and closed on the right.
Let a(z) be an increasing right continuous function. This means
that a(z) < a(y) if x < y and lim,_,,+ a(z) = a(x) for all z. We
do not require « to be strictly increasing. Define

€((a,5)) = a®) - a(a).

Define

m*(E) = inf { Y (A;) s Ai €C for cach i and E C U;ﬁlAi}.
=1

(In this book we usually use m instead of p when we are talking
about Lebesgue-Stieltjes measures.) We use Proposition 4.2 to tell
us that m* is an outer measure. We then use Theorem 4.6 to show
that m* is a measure on the collection of m*-measurable sets. Note
that if K and L are adjacent intervals, that is, if K = (a,b] and
L = (b,¢], then KUL = (a,c] and

U(K) + (L) = [a(b) — a(a)] + [a(c) — a(b)] (4.4)
=a(c) —afa) =(KUL)
by the definition of ¢.

The next step in the construction of Lebesgue-Stieltjes measure
corresponding to « is the following.
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Proposition 4.7 Every set in the Borel o-algebra on R is m*-
measurable.

Proof. Since the collection of m*-measurable sets is a o-algebra,
it suffices to show that every interval J of the form (c,d] is m*-
measurable. Let E be any set with m*(E) < co; we need to show

m*(E) > m*(ENJ)+m*(EnJ°). (4.5)

Choose I3, I, . .., each of the form (a;, b;], such that E C U;I; and
> Z -« al —E.

Since E C U;I;, we have
m (ENJ) <Y m*(L;nJ)

and
m*(ENJ¢) <> m*(L;nJ%),

Adding we have

m*(ENJ)+m*(EN.J°) <Z (LN J)+m*(I; 0 J%)].

Now I; N J is an interval that is open on the left and closed on the
right, and I; N J¢ is the union of zero, one, or two such intervals,
depending on the relative locations of I; and J. Using (4.4) either
zero, one, or two times, we see that

m*(L;NJT)+m*(L; N J°) =m*(L;).
Thus

m*(ENJ)+m*(ENJ%) <> m*([;) <m*(E) +e.
Since € is arbitrary, this proves (4.5). |

After all this work, it would be upsetting if the measure of a
half-open interval (e, f] were not what it is supposed to be. For-
tunately, everything is fine, due to Proposition 4.9. First we need
the following lemma.
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Lemma 4.8 Let J, = (ar,br), k=1,...,n, be a finite collection
of finite open intervals covering a finite closed interval [C, D]. Then

i (b) — alar)] > a(D) — a(C). (4.6)
k=1

Proof. Since {Jx} is a cover of [C, D], there exists at least one
interval, say, J, , such that C € Jy,. If Jy, covers [C, D], we stop.
Otherwise, by, < D, and there must be at least one interval, say,
Jky, such that by, € Ji,. If [C, D] C Ji, UJy,, we stop. If not, then
by, < bg, < D, and there must be at least one interval, say, Ji, that
contains by,. At each stage we choose Jk; so that by, , € Ji,;. We
continue until we have covered [C, D] with intervals Jg,, ..., Jk,, -
Since {Ji} is a finite cover, we will stop for some m < n.

By our construction we have
ak1§C<bk1, akm<D<bkm,

and for 2 < j < m,
ag; <bkj,1 < b,

J

Then

= [a(bx,,) — alb,, )] + [a(bk,, ) — by, )]+
+ [a(br, ) — a(br, )] + [a(br,) — a(ax, )]
) — alaw,,)] + [a(b,,_,) — alak,, )]+
+ [a(br,) — a(ar,)] + [a(br,) — aar, )]

Since {Jk,, .-y Ik, } € {J1,...,In}, this proves (4.6). O

Proposition 4.9 Ife and f are finite and I = (e, f], thenm*(I) =
o(1).

Proof. First we show m*(I) < ¢(I). This is easy. Let A; = I and
Ay =As=---=0. Then I C U2, A;, hence

< ié(Ai) = (A1) = €(1).
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For the other direction, suppose I C U2, A;, where A; = (¢4, d4].
Let ¢ > 0 and choose C' € (e, f) such that a(C) — a(e) < /2.
This is possible by the right continuity of a. Let D = f. For
each i, choose d, > d; such that a(d}) — a(d;) < /27! and let

Then [C, D] is compact and {B;} is an open cover for [C, D].

Use compactness to choose a finite subcover {Ji,...,J,} of {B;}.
We now apply Lemma 4.8. We conclude that

UI) < a(D)—« +€/2<Z aley)) —|—£/2<Z€

i=1

Taking the infimum over all countable collections {4;} that
cover I, we obtain
oI) <m*(I)+e.

Since ¢ is arbitrary, £(1) < m*(I). O

We now drop the asterisks from m™* and call m Lebesgue-Stieltjes
measure. In the special case where a(x) = x, m is Lebesgue mea-
sure. In the special case of Lebesgue measure, the collection of m*-
measurable sets is called the Lebesgue o-algebra. A set is Lebesgue
measurable if it is in the Lebesgue o-algebra.

Given a measure g on R such that p(K) < co whenever K is
compact, define a(x) = p((0,2]) if x > 0 and a(z) = —p((z,0]) if
z < 0. Then « is increasing, right continuous, and Exercise 4.1 asks
you to show that p is Lebesgue-Stieltjes measure corresponding to
a.

4.3 Examples and related results

Example 4.10 Let m be Lebesgue measure. If z € R, then {z}
is a closed set and hence is Borel measurable. Moreover

m({x}) = lim m((z — (1/n),2]) = lim [z (z — (1/n))] = 0.
We then conclude

m([a,b]) = m((a,b]) + m({a}) =b—a+0=b—a
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and

m((a,b)) = m((a.b]) —m({b}) =b—a-0=b—a.

Since o-algebras are closed under the operation of countable
unions, then countable sets are Borel measurable. Adding 0 to
itself countably many times is still 0, so the Lebesgue measure of
a countable set is 0.

However there are uncountable sets which have Lebesgue mea-
sure 0. See the next example.

Example 4.11 Recall from undergraduate analysis that the Can-
tor set is constructed as follows. Let Fy be the interval [0,1]. We
let Fi be what remains if we remove the middle third, that is,

Fi=F—(32).

F} consists of two intervals of length % each. We remove the middle
third of each of these two intervals and let

B=F (53U

We continue removing middle thirds, and the Cantor set F' is N, F,.
Recall that the Cantor set is closed, uncountable, and every point
is a limit point. Moreover, it contains no intervals.

The measure of Fy is 2(3), the measure of Fj is 4(5), and the
measure of F, is (2)". Since the Cantor set C is the intersection

of all these sets, the Lebesgue measure of C' is 0.

Suppose we define fy to be % on the interval (%, %), to be % on
the interval (%, 2), to be 2 on the interval (£, §), and so on. Define
f(z) = inf{fo(y) : y > x} for x < 1. Define f(1) = 1. Notice
f = fo on the complement of the Cantor set. f is increasing,
so it has only jump discontinuities; see Proposition 1.6. But if it
has a jump continuity, there is a rational of the form k/2™ with
k < 2™ that is not in the range of f. On the other hand, by the
construction, each of the values {k/2" : n > 0,k < 2"} is taken by
fo for some point in the complement of C, and so is taken by f.
The only way this can happen is if f is continuous. This function
f is called the Cantor-Lebesgue function or sometimes simply the
Cantor function. We will use it in examples later on. For now, we
note that it a function that increases only on the Cantor set, which
is a set of Lebesgue measure 0, yet f is continuous.
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Example 4.12 Let ¢q,¢2,... be an enumeration of the rationals,
let € > 0, and let I; be the interval (g; — /2%, ¢; +¢/2%). Then the
measure of I; is /27!, so the measure of U;I; is at most 2¢. (It is
not equal to that because there is a lot of overlap.) Therefore the
measure of A = [0,1] — U;I; is larger than 1 — 2¢. But A contains
no rational numbers.

Example 4.13 Let us follow the construction of the Cantor set,
with this difference. Instead of removing the middle third at the
first stage, remove the middle fourth, i.e., remove (%, %) On each
of the two intervals that remain, remove the middle sixteenths. On
each of the four intervals that remain, remove the middle interval
of length é, and so on. The total that we removed is
T2 +4GH) + =43

The set that remains contains no intervals, is closed, every point
is a limit point, is uncountable, and has measure 1/2. Such a set
is called a generalized Cantor set. Of course, other choices than %,

%, etc. are possible.

Let A C [0,1] be a Borel measurable set. We will show that
A is “almost equal” to the countable intersection of open sets and
“almost equal” to the countable union of closed sets. (A similar
argument to what follows is possible for subsets of R that have
infinite measure; see Exercise 4.2.)

Proposition 4.14 Suppose A C [0,1] is a Borel measurable set.
Let m be Lebesque measure.

(1) Given e > 0, there exists an open set G so that m(G—A) < e
and A C G.

(2) Given e > 0, there exists a closed set F' so that m(A—F) < ¢
and F C A.

(3) There exists a set H which contains A that is the countable
intersection of a decreasing sequence of open sets and m(H — A) =
0.

(4) There ezists a set F which is contained in A that is the
countable union of an increasing sequence of closed sets which is
contained in A and m(A — F) = 0.
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Proof. (1) There exists a set of the form E = U2, (aj,b;] such
that A C E and m(E — A) < /2. Let G = U2, (aj,b; +e27771).
Then G is open and contains A and

m(G — E) < isZ*jfl =¢e/2.

j=1
Therefore

m(G—A) <m(G—E)+m(E—-A) <e.

(2) Find an open set G such that A’ C G and m(G — 4') < e,
where A’ =[0,1]— A. Let F =[0,1] —G. Then F'is closed, F' C A,
and m(A—F) <m(G—-A") <e.

(3) By (1), for each i, there is an open set G; that contains A
and such that m(G; — A) < 27°. Then H; = N%_,G; will contain
A, is open, and since it is contained in G;, then m(H; — A) < 27
Let H = N$2, H;. H need not be open, but it is the intersection of
countably many open sets. The set H is a Borel set, contains A,
and m(H — A) < m(H; — A) < 27 for each i, hence m(H — A) = 0.

(4)If A’ =10,1] — A, apply (3) to A’ to find a set H containing
A’ that is the countable intersection of a decreasing sequence of
open sets and such that m(H — A’) = 0. Let J =[0,1] — H. Tt is
left to the reader to verify that J has the desired properties. O

The countable intersections of open sets are sometimes called
Gy sets; the G is for geoffnet, the German word for “open” and
the § for Durchschnitt, the German word for “intersection.” The
countable unions of closed sets are called F, sets, the F' coming
from fermé, the French word for “closed,” and the ¢ coming from
Summe, the German word for “union.”

Therefore, when trying to understand Lebesgue measure, we
can look at G§ or F, sets, which are not so bad, and at null sets,
which can be quite bad but don’t have positive measure.

4.4 Nonmeasurable sets

Theorem 4.15 Let m* be defined by (4.1), where C is the collec-
tion of intervals that are open on the left and closed on the right
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and £((a,b]) = b — a. m™ is not a measure on the collection of all
subsets of R.

Proof. Suppose m* is a measure. Define x ~ y if z — y is rational.
It is easy to see that this is an equivalence relationship on [0, 1].
For each equivalence class, pick an element out of that class (we
need to use the axiom of choice to do this). Call the collection of
such points A. Given a set B, define B+xz = {y+z : y € B}. Note
that £((a + q,b+ q]) = b—a = £((a,b]) for each a,b, and ¢, and so
by the definition of m*, we have m*(A 4 ¢) = m*(A) for each set
A and each gq. Moreover, the sets A 4+ ¢ are disjoint for different
rationals q.

Now
0,1] C Uge[—1,11n0(A + q),

where the sum is only over rational ¢, so

1< ) mi(4+a),

q€(-1,1],q€Q

and therefore m*(A) > 0. But
UqE[—l,l]ﬂQ(A + q) C [_17 2},

where again the sum is only over rational ¢, so if m* is a measure,

then
3> > mf(A+q),
qa€[0,1],q€Q
which implies m*(A) = 0, a contradiction. O

4.5 The Carathéodory extension theo-
rem

We prove the Carathéodory extension theorem in this section. This
theorem abstracts some of the techniques used above to give a tool
for constructing measures in a variety of contexts.

Let Ag be an algebra but not necessarily a o-algebra. Saying
¢ is a measure on Ay means the following: (1) of Definition 3.1
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holds and if Aj, As,... are pairwise disjoint elements of Ay and
also U2, A; € Ay, then £(U2,A;) = 372, £(A;). Sometimes one
calls a measure on an algebra a premeasure. Recall o(Ap) is the
o-algebra generated by Ag.

Theorem 4.16 Suppose Ag is an algebra and ¢ : Ay — [0, 00] is
a measure on Ag. Define

1 (E) = inf{i 0(A;) : each A; € Ay, E C U;’;Ai}
=1

for EC X. Then

(1) p* is an outer measure;

(2) w(A)=1L(A) if Ae Ay;

(8) every set in Ay is p*-measurable;

(4) if £ is o-finite, then there is a unique extension to o(Ap).

Proof. (1) is Proposition 4.2. We turn to (2). Suppose E € Ay.
We know p*(E) < £(E) since we can take A = F and As, As, ...
empty in the definition of p*. If E C UX;A; with A; € Ay, let
B, =EnN(A, — (U?:_llAi)). Then the B, are pairwise disjoint,
they are each in Ap, and their union is E. Therefore

UE) =D 0(B;) <> U(4A).

i=1 i=1

Taking the infimum over all such sequences Aj, As, ... shows that
U(E) < 1*(E).

Next we look at (3). Suppose A € Ap. Let € > 0 and let E C
X. Pick By, Bs,... € Ag such that E C U2, B; and ), ¢(B;) <
p*(E) +¢e. Then

,u*(E) +e> ié(Bl) = ié(Bz n A) + iK(BZ N AC)

> u (ENA)+p"(ENA°.

Since ¢ is arbitrary, p*(E) > p*(ENA) + p*(E N A°). Thus A is
w*-measurable.

Finally, we look at (4). Suppose we have two extensions to
o(Ap), the smallest o-algebra containing Ay. One is p* and let the
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other extension be called v. We will show that if E is in o(Ap),
then u*(E) = v(E).

Let us first assume that u* is a finite measure. The p*-measur-
able sets form a o-algebra containing Ag. Because E € Ay, F must
be p*-measurable and

= inf { iZ(Ai) B CUZ, A, each A; € Ao}.

But { = vonAg,s0) , (A;) =, v(A;). Thereforeif E C U2, A;
with each A; € Ag, then

v(E) <3 u(A) =Y kA

which implies
v(E) < u*(E). (4.7

Since we do not know that v is constructed via an outer measure,
we must use a different argument to get the reverse inequality. Let
e > 0 and choose A; € Ay such that p*(E) +¢ > >, ((A;) and
E CU;A;. Let A=UXA; and By, = U’?: A;. Observe

+5226( Zu pH(UiA) = p* (A),

hence p*(A — E) < e. We have
pi(A) = lim p*(By) = lim v(By) = v(A4).
Then
W (E) < 1*(4) = v(4) = v(E) + v(A — E)
<v(E)+pu (A-E)<v(E)+e,

using (4.7) in the next to last inequality. Since € is arbitrary, this
completes the proof when / is finite.

It remains to consider the case when ¢ is o-finite. Write X =
U; K, where K; 1 X and ¢(K;) < oo for each i. By the preceding
paragraph we have uniqueness for the measure ¢; defined by ¢;(A) =
U(ANK,;). If pand v are two extensions of £ and A € o(Ay), then

w(A) = lim p(ANK;) = lim ¢;(A) = lim v(ANK;) = v(4),
1—> 00 1—> 00 11— 00

which proves p = v. O
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4.6 Exercises

Exercise 4.1 Let y be a measure on the Borel g-algebra of R such
that p(K) < oo whenever K is compact, define a(x) = p((0,z])
if £ > 0 and a(x) = —p((x,0]) if x < 0. Show that p is the
Lebesgue-Stieltjes measure corresponding to a.

Exercise 4.2 Let m be Lebesgue measure and A a Lebesgue mea-
surable subset of R with m(A) < oo. Let € > 0. Show there exist
G open and F closed such that F C A C G and m(G — F) < e.

Exercise 4.3 If (X, A, ) is a measure space, define
p (A) =inf{u(B): AC B,B € A}

for all subsets A of X. Show that p* is an outer measure. Show
that each set in A is p*-measurable and p* agrees with the measure
uon A.

Exercise 4.4 Let m be Lebesgue-Stieltjes measure corresponding
to a right continuous increasing function «. Show that for each =z,

m({z}) = () — lim a(y).

Y—T—

Exercise 4.5 Suppose m is Lebesgue measure. Define x + A =
{r+y:ye A} and cA = {cy: y € A}. Show that for all Lebesgue
measurable sets A we have m(z+A) = m(A) and m(cA) = |c|m(A).

Exercise 4.6 Let m be Lebesgue measure. Suppose for each n,
A, is a Lebesgue measurable subset of [0, 1]. Let B consist of those
points x that are in infinitely many of the A,,.

(1) Show B is Lebesgue measurable.

(2) If m(Ay) > 6 > 0 for each n, show m(B) > 4.

(3) If 302, m(Ay) < oo, prove that m(B) = 0.

(4) Give an example where Y~ m(4,) = oo, but m(B) = 0.

Exercise 4.7 Suppose ¢ € (0,1) and m is Lebesgue measure. Find
a measurable set E C [0, 1] such that the closure of E is [0,1] and
m(E) =e.
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Exercise 4.8 If X is a metric space, B is the Borel o-algebra, and
1 is a measure on (X, B), then the support of u is the smallest
closed set F such that u(F°¢) = 0. Show that if F is a closed subset
of [0,1], then there exists a finite measure on [0, 1] whose support
is F'.

Exercise 4.9 Let m be Lebesgue measure. Find an example of
Lebesgue measurable subsets Aj, Aa, ... of [0, 1] such that m(4,) >
0 for each n, m(A,AA,) > 0if n # m, and m(A, N A,,) =
m(Ap)m(Ay,) if n#m.

Exercise 4.10 Let € € (0,1), let m be Lebesgue measure, and
suppose A is a Borel measurable subset of R. Prove that if

m(ANT) < (1 —e)ym(I)

for every interval I, then m(A) = 0.

Exercise 4.11 Suppose m is Lebesgue measure and A is a Borel
measurable subset of R with m(A) > 0. Prove that if

B={x—y:x,ye A},

then B contains a nonempty open interval centered at the origin.

Exercise 4.12 Let m be Lebesgue measure. Construct a Borel
subset A of R such that 0 < m(ANI) < m(I) for every open
interval I.

Exercise 4.13 Let N be the nonmeasurable set defined in Section
4.4. Prove that if A C N and A is Lebesgue measurable, then
m(A) =0.

Exercise 4.14 Let m be Lebesgue measure. Prove that if A is a
Lebesgue measurable subset of R and m(A) > 0, then there is a
subset of A that is nonmeasurable.

Exercise 4.15 Let X be a set and A a collection of subsets of X
that form an algebra of sets. Suppose £ is a measure on A such
that ¢(X) < co. Define p* using ¢ as in (4.1). Prove that a set A
is p*-measurable if and only if

i (A) = £(X) — i (4°).
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Exercise 4.16 Suppose p* is an outer measure. Show that if 4, 1
A, then p*(A,) T p*(A4). Given an example to show that even if
w* is finite, A,, | A does not necessarily imply p*(A,) | p*(4).

Exercise 4.17 Suppose A is a Lebesgue measurable subset of R
and
B =Ugealz — 1,2 +1].

Prove that B is Lebesgue measurable.



Chapter 5

Measurable functions

We are now ready to move from sets to functions.

5.1 Measurability

Suppose we have a measurable space (X, A).

Definition 5.1 A function f : X — R is measurable or A measur-
able if {x : f(z) > a} € Aforall a € R. A complex-valued function
is measurable if both its real and complex parts are measurable.

Example 5.2 Suppose f is real-valued and identically constant.
Then the set {x : f(x) > a} is either empty or all of X, so f is
measurable.

Example 5.3 Suppose f(z) =1 if 2 € A and 0 otherwise. Then
the set {x : f(z) > a} is either (), A, or X. Hence f is measurable
if and only if A is in A.

Example 5.4 Suppose X is the real line with the Borel o-algebra

and f(xz) = z. Then {z: f(x) > a} = (a,00), and so f is measur-
able.

Proposition 5.5 Suppose f is real-valued. The following condi-
tions are equivalent.

37
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(1) {z: f(z) >a} € A for all a € R;
(2){z: f(z) <a} € A for all a € R;
(8) {z: f(z) <a} € A for all a € R;
(4){z: f(z) > a} € A for all a € R.

Proof. The equivalence of (1) and (2) and of (3) and (4) follow
from taking complements, e.g., {z : f(z) < a} = {z: f(x) > a}°.
If f is measurable, then

{o: f@) > a} =, {a: f(&) > a—1/n)

shows that (4) holds if (1) does. If (4) holds, then (1) holds by
using the equality

{w: f(@) > a} = U, {z: f() > a+1/n}.

This completes the proof. 0

Proposition 5.6 If X is a metric space, A contains all the open
sets, and f: X — R is continuous, then f is measurable.

Proof. Note that {z : f(z) > a} = f~!((a,o0)) is open, and hence
in A. O

Proposition 5.7 Letc € R. If f and g are measurable real-valued
functions, then so are f+g, —f, cf, fg, max(f,g), and min(f,g).

Proof. If f(z) + g(z) < a, then f(z) < a — g(x), and there exists
a rational r such that f(z) <r < a— g(z). Hence

{z: f(z)+g() <a} =Urcp{z: f(z) <r}n{z:g(x) <a—r1}).
This proves f + g is measurable.

Since {z : —f(x) > a} = {z : f(x) < —a}, then —f is measur-
able using Proposition 5.5.

If ¢ > 0, then {z : ¢f(x) > a} = {x : f(z) > a/c} shows cf is
measurable. When ¢ = 0, ¢f is measurable by Example 5.2. When
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¢ < 0, write ¢f = —(|c¢|f), which is measurable by what we have
already proved.

f? is measurable since for a < 0, {z : f(x) > a} = X, while for
a >0,

{o: f@)? > a) = {z: f(z) > Va} U Lo f(x) < —Va).
The measurability of fg follows since
fg=35lf+9? -4
The equality
{z: max(f(z),g(z)) > a} ={z: f(z) > a} U{z: g(z) > a}

shows max(f, g) is measurable, and the result for min(f, g) follows
from min(f, g) = —max(—f, —g). O

Proposition 5.8 If f; is a measurable real-valued function for
each i, then so aresup, f;, inf; f;, limsup,_, . fi, andliminf; , o f;.

Proof. The result will follow for limsup and liminf once we
have the result for the sup and inf by using the definitions since
limsup; f; = inf; sup,>; f; and similarly for the liminf. We have
{z :sup, fi > a} = N2 {z : fi(x) > a}, so sup, f; is measurable,
and the proof for inf f; is similar. O

Definition 5.9 We say f = g almost everywhere, written f = g
a.e., if {z : f(z) # g(x)} has measure zero. Similarly, we say
fi = [ a.e. if the set of & where f;(x) does not converge to f(x)
has measure zero.

If X is a metric space, B is the Borel o-algebra, and f : X — R
is measurable with respect to B, we say f is Borel measurable. If
f : R — R is measurable with respect to the Lebesgue o-algebra,
we say f is Lebesgue measurable.

We saw in Proposition 5.6 that all continuous functions are
Borel measurable. The same is true for increasing functions on the
real line.
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Proposition 5.10 If f : R — R is monotone, then f is Borel
measurable.

Proof. Let us suppose f is increasing, for otherwise we look at
—f. Given a € R, let g = sup{y : f(y) < a}. If f(zo) < a, then
{z : f(x) > a} = (wg,00). If f(xo) > a, then {x : f(z) > a} =
[z0,00). In either case {x : f(x) > a} is a Borel set. O

Proposition 5.11 Let (X, A) be a measurable space and let f :
X = R be a A measurable function. If A is in the Borel o-algebra
on R, then f~1(A) € A.

Proof. Let B be the Borel og-algebra on R and ¢ = {A € B :
f7YA) € A}. If Ay, As, ... € C, then since

FHUA) = Ui fHA) € A,

we have that C is closed under countable unions. Similarly C is
closed under countable intersections and complements, so C is a
o-algebra. Since f is measurable, C contains (a,o0) for every real
a, hence C contains the o-algebra generated by these intervals, that
is, C contains B. 0

Example 5.12 Let us construct a set that is Lebesgue measur-
able, but not Borel measurable. Recall the Lebesgue measurable
sets were constructed in Chapter 4 and include the completion of
the Borel o-algebra.

Let f be the Cantor-Lebesgue function of Example 4.11 and
define
F(z) =inf{y : f(y) > z}.
Although F' is not continuous, observe that F' is strictly increasing
(hence one-to-one) and maps [0, 1] into C, the Cantor set. Since F
is increasing, F~! maps Borel measurable sets to Borel measurable
sets.

Let m be Lebesgue measure and let A be the non-measurable
set we constructed in Proposition 4.15. Let B = F(A). Since
F(A) Cc Cand m(C) = 0, then F(A) is a null set, hence is Lebesgue
measurable. On the other hand, F'(A) is not Borel measurable, be-
cause if it were, then A = F~1(F(A)) would be Borel measurable,
a contradiction.
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5.2 Approximation of functions

Definition 5.13 Let (X, A) be a measurable space. If E € A,
define the characteristic function of E by

R

A simple function s is a function of the form
n
s() =Y aixm, ()
i=1
for real numbers a; and measurable sets E;.

Proposition 5.14 Suppose f is a mon-negative and measurable
function. Then there exists a sequence of non-negative measurable
simple functions increasing to f.

Proof. Let
E,i={z:(i-1)/2" < f(z) <i/2"}
and
Fo={o: f(z) 2 n}
form=1,2,...and i =1,2,...,n2" Then define

n2™ .
i—1

Sp = Z “on XEni T XE,
i=1

In words, fn(z) =nif f(z) > n. If f(x) is between (i — 1)/2"
and /2" for /2" < n, we let f,(x) = (i —1)/2"™.

It is easy to see that s, has the desired properties. O

5.3 Lusin’s theorem

The following theorem is known as Lusin’s theorem. It is very
pretty but usually other methods are better for solving problems.
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Example 5.16 will illustrate why this is a less useful theorem than
at first glance.

We use m for Lebesgue measure. Recall that the support of a
function f is the closure of the set {z : f(z) # 0}.

Theorem 5.15 Suppose f : [0,1] — R is Borel measurable, m is
Lebesgue measure, and € > 0. There exists a closed set F C [0,1]
such that m([0,1] — F) < € and the restriction of f to F is a
continuous function on F.

This theorem can be loosely interpreted as saying every measurable
function is “almost continuous.”

Proof. First let us suppose that f = xa, where A is a Borel
measurable subset of [0,1]. By Proposition 4.14 we can find E
closed and G open such that E C A C G and m(G — A) < ¢/2
and m(A— F) <¢e/2. Let § =inf{|lz —y| : x € E,y € G°}. Since
E C AcC|0,1], E is compact and § > 0. Letting

o) = (1- LT
where y* = max(y,0) and d(x, F) = inf{lx — y| : y € E}, we
see that g is continuous, takes values in [0, 1], is equal to 1 on
E, and equal to 0 on G°. Take F' = (EUG° N 0,1]. Then
m([0,1] = F) <m(G—FE) <e,and f =gon F.

Next suppose f = Zf\il a;X 4, is simple, where each A; is a
measurable subset of [0,1] and each a; > 0. Choose F; closed such
that m([0,1] — F;) < ¢/M and x4, restricted to F; is continuous.
If we let F = NM,F;, then F is closed, m([0,1] — F) < ¢, and f
restricted to F' is continuous.

Now suppose f is non-negative, bounded by K, and has support
in [0,1]. Let
A ={x:(i-1)/2" < f(z) <i/2"}.
Then
K2"+1 i
fa(x) = ; 2TLXAM (z)

are simple functions increasing to f. Note that

hon(z) = frn1(x) = fulz)
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is also a simple function and is bounded by 27". Choose Fy closed
such that m([0, 1] — Fp) < /2 and fj restricted to Fp is continuous.
For n > 1, choose F}, closed such that m([0,1] — F,,) < ¢/2"*! and
hy, restricted to F), is continuous. Let F' = N2 F,,. Then F', being
the intersection of closed sets, will be closed, and m([0,1] — F) <
S om([0,1]—F,) < e. Onthe set F, we have fo(z)+> .o | hn(z)
converges uniformly to f(x) because each h,, is bounded by 27".
The uniform limit of continuous functions is continuous, hence f is
continuous on F.

If f >0, let Bx = {z: f(z) < K}. Since f is everywhere finite,
Bk 1[0,1] as K — o0, hence m(Bg) > 1 —¢/3 if K is sufficiently
large. Choose D C By such that D is closed and m(Bx—D) < €/3.
Now choose E C [0,1] closed such that f - xp restricted to E is
continuous and m([0,1] — E) < ¢/3. Then F' = DN E is closed,
m([0,1] — F) < ¢, and f restricted to F' is continuous.

Finally, for arbitrary measurable f write f = f* — f~ and find
F* and F~ closed such that m([0,1]—F*1) < /2, m([0,1]-F~) <
€/2, and f¥ restricted to F* is continuous and similarly for f~.
Then F = F™ N F~ is the desired set. O

Example 5.16 Suppose f = xp, where B consists of the irra-
tionals in [0,1]. f is Borel measurable because [0,1] — B is count-
able, hence the union of countably many points, and thus the union
of countably many closed sets. Every point of [0,1] is a point of
discontinuity of f because for any x € [0,1], there are both ratio-
nals and irrationals in every neighborhood of z, hence f takes the
values 0 and 1 in every neighborhood of z.

Recall Example 4.12. f restricted to the set A there is identi-
cally one, hence f restricted to A is a continuous function. A is
closed because it is equal to the interval [0,1] minus the union of
open intervals.

This does not contradict Lusin’s theorem. No claim is made
that the function f is continuous at most points of [0,1]. What is
asserted is that there is a closed set F' with large measure so that

f restricted to F' is continuous when viewed as a function from F'
to R.
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5.4 Exercises

Exercise 5.1 Suppose (X,.A) is a measurable space, f is a real-
valued functions, and {x : f(z) > r} € A for each rational number
r. Prove that f is measurable.

Exercise 5.2 Let f : (0,1) — R be such that for every € (0,1)
there exist » > 0 and a Borel measurable function g, both depend-
ing on z, such that f and g agree on B(x,r). Prove that f is Borel
measurable.

Exercise 5.3 Suppose f, are measurable functions. Prove that
A={z: lim f,(x) exists}
n—oo

is a measurable set.

Exercise 5.4 If f : R — R is Lebesgue measurable, prove that
there exists a Borel measurable function g such that f = g a.e.

Exercise 5.5 Give an example of a collection of measurable non-
negative functions {f,}aca such that if g is defined by g(z) =
Sup,e 4 fol(x), then g is finite for all z but g is nonmeasurable. (A
is allowed to be uncountable.)

Exercise 5.6 Suppose f : X — R is Lebesgue measurable and
g : R — R is continuous. Prove that g o f is Lebesgue measurable.
Is this true if g is Borel measurable instead of continuous? Is this
true if g is Lebesgue measurable instead of continuous?

Exercise 5.7 Suppose f : R — R is Borel measurable. Define A
to be the smallest o-algebra containing the sets {z : f(z) > a} for
every a € R. Suppose g : R — R is measurable with respect to
A, which means that {z : g(z) > a} € A for every a € R. Prove
that there exists a Borel measurable function h : R — R such that

g=nhof.

Exercise 5.8 One can show that there exist discontinuous real-
valued functions f such that

flz+y) = flx)+ fy) (5.1)
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for all z,y € R. (The construction uses Zorn’s lemma, which is
equivalent to the axiom of choice.) Prove that if f satisfies (5.1)
and in addition f is Lebesgue measurable, then f is continuous.
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Chapter 6

The Lebesgue integral

In this chapter we define the Lebesgue integral. We only give the
definition here and consider the properties of the Lebesgue integral
in later chapters.

6.1 Definitions

Definition 6.1 Let (X, A, 1) be a measure space. If

n
§ = E a; XE;
i=1

is a non-negative measurable simple function, define the Lebesgue
integral of s to be

/sd,u = Za,;,u(Ei). (6.1)

Here, if a; = 0 and u(E;) = oo, we use the convention that
a;p(E;) = 0. If f > 0 is a measurable function, define

/fdu = sup{/sdu :0<s< f;s simple}. (6.2)

Let f be measurable and let f* = max(f,0) and f~ = max(—f,0).
Provided [ f*du and [ f~ dp are not both infinite, define

[tau=[rran- [ an (6.3)

47
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Finally, if f = u+ iv is complex-valued and [(|u| + |v]) dy is finite,

define
/fduz/ud,u—l—i/vd,u. (6.4)

A few remarks are in order. A function s might be written
as a simple function in more than one way. For example s =
XAuB = XA + xB if A and B are disjoint. It is not hard to check
that the definition of [ sdu is unaffected by how s is written. If
s=> o a;xa, = Z;L:1 bjxB;, then we need to show

m

Z a;p(Ai) = Z bju(B;). (6.5)

We leave the proof of this to the reader as Exercise 6.1.

Secondly, if s is a simple function, one has to think a moment
to verify that the definition of [ sdu by means of (6.1) agrees with
its definition by means of (6.2).

Definition 6.2 If f is measurable and [ |f|dp < oo, we say f is
integrable.

The proof of the next proposition follows from the definitions.

Proposition 6.3 (1) If f is a real-valued measurable function with
a < f(z) < b for all z and p(X) < oo, then ap(X) < [ fdu <
bu(X);

(2) If f and g are measurable, real-valued, and integrable and
f(z) < g(x) for all z, then [ fdu < [ gdpu.

(3) If f is integrable, then [cf du=c [ fdu for all complex c.

(4) If 1(A) = 0 and f is integrable, then [ fxadp = 0.

The integral [ fxadp is often written [, fdu. Other nota-
tion for the integral is to omit the p and write [ f if it is clear
which measure is being used, to write [ f(z)u(dz), or to write

J f(@) dp(z).
When we are integrating a function f with respect to Lebesgue
measure m, it is usual to write [ f(z)dx for [ f(z)m(dz) and to
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define .
/ fde= [ g miaa).

Proposition 6.4 If f is integrable,

[1]= [in

Proof. For the real case, this is easy. f < |f|,so [ f < [|f|. Also
—f <|fl,so = [ f < [|f]- Now combine these two facts.

For the complex case, [ f is a complex number. If it is 0, the
inequality is trivial. If it is not, then [ f = re’ for some r and 6.

Then
‘/f‘:r:e_i‘g/f:/e_wf.

From the definition of | f when f is complex, we have Re ([ f) =
J Re(f). Since | [ f] is real, we have

[t =re( )= [rRetep < [10

O

We do not yet know that [(f+g) = [ f+ [ g. We will see this
in Theorem 7.4.

6.2 Exercises
Exercise 6.1 Verify (6.5).

Exercise 6.2 Suppose f is non-negative and measurable and p is
o-finite. Show there exist simple functions s, increasing to f at
each point such that pu({z : s,(z) # 0}) < co for each n.

Exercise 6.3 Let f be a non-negative measurable function. Prove
that

lim (f/\n)—>/f.

n—oo
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Exercise 6.4 Let (X, A, 1) be a measure space and suppose p is
o-finite. Suppose f is integrable. Prove that given e there exists §
such that

/ (@) p(da) <
A
J.

whenever p(A) <

Exercise 6.5 Suppose u(X) < oo and f,, is a sequence of bounded
real-valued measurable functions that converge to f uniformly.

Prove that
[ twin [ i

This is sometimes called the bounded convergence theorem.

Exercise 6.6 If f, is a sequence of non-negative integrable func-
tions such that f,(z) decreases to f(z) for every z, prove that

[ fodp— [ fdp.

Exercise 6.7 Let (X, A, ;1) be a measure space and suppose f is a
non-negative, measurable function that is finite at each point of X,
but not necessarily integrable. Prove that there exists a continuous
increasing function g : [0, 00) — [0, 00) such that lim,_,~ g(z) = 0o
and g o f is integrable.



Chapter 7

Limit theorems

The main reason the Lebesgue integral is so much easier to work
with than the Riemann integral is that it behaves nicely when
taking limits. In this chapter we prove the monotone convergence
theorem, Fatou’s lemma, and the dominated convergence theorem.
We also prove that the Lebesgue integral is linear.

7.1 Monotone convergence theorem

One of the most important results concerning Lebesgue integration
is the monotone convergence theorem.

Theorem 7.1 Suppose f, is a sequence of non-negative measur-
able functions with fi(x) < fa(x) < --- for all x and with

lim f,(z) = f(x)

n—oo

for all x. Then [ fpdp— [ fdp.

Proof. By Proposition 6.3(2), [ f, is an increasing sequence of
real numbers. Let L be the limit. Since f,, < f for all n, then
L < [ f. We must show L > [ f.

Let s = Y.I" , a;xg, be any non-negative simple function less
than or equal to f and let ¢ € (0,1). Let A, = {x: fn(x) > es(z)}.
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Since fp(x) increases to f(z) for each x and ¢ < 1, then A4,, T X.

For each n,
/fnz/ fnZC/ Sn
A, A,

m
= C/A ZaiXEi

n =1
= cZam(Ei NA).
i=1

If we let n — oo, by Proposition 3.5(3) the right hand side con-

verges to
cZai,u(EZ-) = c/s.
i=1

Therefore L > ¢ [ s. Since c¢ is arbitrary in the interval (0, 1), then
L > [s. Taking the supremum over all simple s < f, we obtain
L>[Ff. O

Example 7.2 Let X = [0,00) and f,(z) = —1/n for all z. Then
[ fn=—00, but f, t f where f =0 and [ f = 0. The reason the
monotone convergence theorem does not apply here is that the f,
are not non-negative.

Example 7.3 Suppose f,, = nx(,1/n)- Then f, >0, f, — 0 for
each z, but [ f,, =1 does not converge to [ 0 = 0. The reason the
monotone convergence theorem does not apply here is that the f,
do not increase to f for each x.

7.2 Linearity of the integral

Once we have the monotone convergence theorem, we can prove
that the Lebesgue integral is linear.

Theorem 7.4 If f and g are non-negative and measurable or if f
and g are integrable, then

/(f+g)du=/fdu+/gdu~
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Proof. First suppose f and g are non-negative and simple, say,
f=3aixa, and g = 377 bjxp,. Without loss of generality
we may assume that Aq,..., A,, are pairwise disjoint and that
By,..., B, are pairwise disjoint. Since a; = 0 and b; = 0 are
permissible, we may also assume U"; A; = X = UJ_; B;. Then

m n

fH+g= ZZ(ai + bj)XAmij

i=1 j=1

and we have
/u+m SO (s + by)u(A: 0 By)

a;pu(A; N B +ZZWA N B;)

=1 j=1 =1 j=1

_Zalu +ijﬂ

I
M:

Thus the theorem holds in this case.

Next suppose f and g are non-negative. Take s, simple and
increasing to f and ¢, simple and increasing to g. Then s, + t,
are simple functions increasing to f + g, so the result follows from
the monotone convergence theorem and

/(erg):lim /(sn+tn):lim anrlimtn:/er/g.
n—o0 n—o00 Nn—r00

Suppose now that f and g are real-valued and integrable but
take both positive and negative values. Since

Jis+ai< [usi+iad = [151+ [ 1ol <

then f 4 g is integrable. Write
(f+9) =+~ =f+g=f"—f"+g" g,
so that

f+9)"+f +g =ft+9"+(f+9)”
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Using the result for non-negative functions,
Jurars [+ [o= [+ [ar+ [ea
Rearranging,
[uro=[uro = [u+o
oo frefo-fo
oo

If f and g are complex-valued, apply the above to the real and
imaginary parts. O

Proposition 7.5 Suppose f, are non-negative measurable func-

tions. Then - -

Proof. Let Fy = Y.0_ fn. Since 0 < F(x) 1 0%, fu(), we

can write

/an [ Jim, ﬁjlfn

:/ lim Fy = hm Fy (7.1)
NS NS

zjvlgnm;/fn:;/fm

using the monotone convergence theorem and the linearity of the
integral. O

7.3 Fatou’s lemma

The next theorem is known as Fatou’s lemma.
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Theorem 7.6 Suppose the f, are non-negative and measurable.

Then
/ liminf f, < hm inf / fn-
n—oo

Proof. Let g, = inf;>, f;. Then the g, are non-negative and
gn increases to liminf, f,. Clearly g, < f; for each i > n, so
J gn < [ fi- Therefore

[on<int [ (7.2)

If we take the limit in (7.2) as n — oo, on the left hand side we
obtain f liminf, f, by the monotone convergence theorem, while
on the right hand side we obtain liminf,, [ f,. O

A typical use of Fatou’s lemma is the following. Suppose we
have f, — f and sup,, [ |fn] < K < co. Then |f,| = |f|, and by
Fatou’s lemma, [ |f| < K.

7.4 Dominated convergence theorem

Another very important theorem is the dominated convergence the-
orem.

Theorem 7.7 Suppose that f, are measurable real-valued func-
tions and f,(x) — f(x) for each x. Suppose there exists a non-
negative integrable function g such that |fn(z)| < g(x) for all .
Then

lim [ f,dp— /fd,u.

n—oo

Proof. Since f,, + g > 0, by Fatou’s lemma,

[+ [a=[+9 <tmit [(f,+9) =timint s, + [

Since g is integrable,

n—oo

f< liminf/fn. (7.3)
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Similarly, g — f,, > 0, so

Jo=[ 1= [ta-p<imint [g=1.) = [g+tmint [(-5.).

and hence
—/fgliminf/(—fn = —hmsup/fn
n—0o0 n—00
Therefore
—
n—oo
which with (7.3) proves the theorem. O

Exercise 7.1 asks you to prove a version of the dominated con-
vergence theorem for complex-valued functions.

Example 7.3 is an example where the limit of the integrals is not
the integral of the limit because there is no dominating function g.

If in the monotone convergence theorem or dominated conver-
gence theorem we have only f,(z) — f(x) almost everywhere, the
conclusion still holds. For example, if the f,, are measurable, non-
negative, and f, 1T f a.e, let A = {z : f,(z) — f(z)}. Then
faxa(@) 1 fxa(z) for each x. Since A¢ has measure 0, we see from
Proposition 6.3(4) and the monotone convergence theorem that

i [ g, =t [ fixa= [ fra= [ £

7.5 Exercises

Exercise 7.1 State and prove a version of the dominated conver-
gence theorem for complex-valued functions.

Exercise 7.2 The following generalized dominated convergence
theorem is often useful. Suppose f,,gn, f, and g are integrable,
fn = [ ae, gn — gae, |fn] < gy, for each n, and [g, = [g.
Prove that [ f, — [ f.

Exercise 7.3 Give an example of a sequence of non-negative func-
tions f, tending to 0 pointwise such that [ f, — 0, but there is no
integrable function g such that f, < g for all n.
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Exercise 7.4 Suppose (X, A, u) is a measure space, each f, is
integrable and non-negative, f, — f a.e., and [ f, — [ f. Prove

that for each A € A
[ widn [ fan.
A A

Exercise 7.5 Suppose f, and f are integrable, f, — f a.e., and
J1fal = [1f]. Prove that

[15. 110

Exercise 7.6 Suppose f : R — R is integrable, a € R, and we
define

F(x)=/zf(y)dy-

Show that F' is a continuous function.

Exercise 7.7 Let f, be a sequence of non-negative Lebesgue mea-
surable functions on R. Is it necessarily true that

lim Sup/fn dx < /lim sup f, dx?

n— oo n—oo

If not, give a counterexample.

Exercise 7.8 Find the limit

n —

lim (1+%) " log(2 + cos(z/n)) dx

n—roo 0

and justify your reasoning.

Exercise 7.9 Find the limit

n

lim (1 — %)n log(2 + cos(xz/n)) dx

n—oo 0

and justify your reasoning.

Exercise 7.10 Prove that the limit exists and find its value:

1 2
. 1+nx
lim Aty log(2 + cos(x/n)) dz.

n—oo Jq (]_ +x
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Exercise 7.11 Prove the limit exists and determine its value:

o

nh_)ngC ; ne” " sin(1/x) dx.

Exercise 7.12 Let g : R — R be integrable and let f : R — R be
bounded, measurable, and continuous at 1. Prove that
n

im [ p(1+ %)g(m) dz

n—oo [ .
exists and determine its value.
Exercise 7.13 Suppose u(X) < oo, f, converges to f uniformly,
and each f, is integrable. Prove that f is integrable and [ f, —
J f- Is the condition x(X) < co necessary?

Exercise 7.14 Prove that

i 1 Logp
— _=— log z d
(p+ k)? / =g 2%

k=1

for p > 0.

Exercise 7.15 Let {f,} be a sequence of real-valued functions on
[0,1] that is uniformly bounded.

(1) Show that if A is a Borel subset of [0,1], then there exists a
subsequence n; such that [, fn, (x)dz converges.

(2) Show that if {A;} is a countable collection of Borel subsets of
[0,1], then there exists a subsequence n; such that fAi fn, (%) dx
converges for each 1.

(3) Show that there exists a subsequence n; such that [, f,, () dx
converges for each Borel subset A of [0, 1].

Exercise 7.16 Let (X, A, u) be a measure space. A family of
measurable functions {f,} is uniformly integrable if given e there

exists M such that
/ @) die < =
{z:| fn(z)|>M}

for each n. The sequence is uniformly absolutely continuous if given
€ there exists ¢ such that

’/Afnd,u‘ <e
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for each n if p(A) < 4.

Suppose p is a finite measure. Prove that {f,} is uniformly
integrable if and only if sup,, [ |fn|dp < oo and {f,} is uniformly
absolutely continuous.

Exercise 7.17 The following is known as the Vitali convergence
theorem. Suppose pu is a finite measure, f, — f a.e., and {f,} is
uniformly integrable. Prove that [ f, — [ f.

Exercise 7.18 Suppose u is a finite measure, f, — f a.e., each
fn is integrable, f is integrable, and [ f, — [ f. Prove that {f,}
is uniformly integrable.

Exercise 7.19 Suppose p is a finite measure and for some ¢ > 0

sup [ 1f.[1du < oc.
n
Prove that {f,} is uniformly integrable.

Exercise 7.20 Suppose f,, is a uniformly integrable sequence of
functions defined on [0,1]. Prove that there is a subsequence n;
such that fol [n;g dx converges whenever g is a real-valued bounded
measurable function.

Exercise 7.21 Suppose p, is a sequence of measures on (X,.A)
such that p,(X) =1 for all n and p,(A) converges as n — oo for
each A € A. Call the limit p(A).

(1) Prove that u is a measure.

(2) Prove that [ fdu, — [ fdp whenever f is bounded and mea-
surable.

(3) Prove that

/fduglinl}inf/fd,un

whenever f is non-negative and measurable.

Exercise 7.22 Let (X, A, 1) be a measure space and let f be non-
negative and integrable. Define v on A by

V(A) = /Afd,u.
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(1) Prove that v is a measure.
(2) Prove that if g is integrable with respect to v, then fg is inte-
grable with respect to p and

/gdl/=/fgdu-

Exercise 7.23 Suppose p and v are positive measures on the Borel
o-algebra on [0,1] such that [ fdu = [ fdv whenever f is real-
valued and continuous on [0, 1]. Prove that p = v.

Exercise 7.24 Let B be the Borel o-algebra on [0,1]. Let u, be a
sequence of finite measures on ([0, 1], B) and let p be another finite
measure on ([0, 1], B). Suppose p,([0,1]) — w©(]0,1]). Prove that
the following are equivalent:

(1) [ fdpn — [ f du whenever f is a continuous real-valued func-
tion on [0, 1];

(2) limsup,,_, o n(F) < u(F) for all closed subsets F of [0, 1];

(3) liminf,, 00 pn(G) > 1(G) for all open subsets G of [0, 1];

(4) limy 00 ptn(A) = p(A) whenever A is a Borel subset of [0, 1]

such that u(0A) = 0, where 0A = A — A° is the boundary of A;
(5) limy, 00 pn ([0, 2]) = u([0, z]) for every z such that p({z}) = 0.

Exercise 7.25 Let B be the Borel o-algebra on [0,1]. Suppose
pn, are finite measures on ([0, 1], B) such that [ fdu, — fol fdx
whenever f is a real-valued continuous function on [0, 1]. Suppose
that g is a bounded measurable function such that the set of dis-
continuities of g has measure 0. Prove that

1
/gd,un—>/ gdz.
0

Exercise 7.26 Let B be the Borel o-algebra on [0,1]. Let p,, be a
sequence of finite measures on ([0, 1], B) with sup,, un([0,1]) < oco.
Define ay, () = pn ([0, z]).

(1) If r is a rational in [0, 1], prove that there exists a subsequence
{n;} such that a,,(r) converges.

(2) Prove that there exists a subsequence {n;} such that a,(r)
converges for every rational in [0, 1].

(3) Let @(r) = limy, o0 an (1) for r rational and define

= li a(r).
Oé(.]?) r—)r,rl;nr,re(@a(r)
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This means, since clearly @(r) < @(s) if r < s, that
a(z) =inf{a(r) : r > z,r € Q}.

Let u be the Lebesgue-Stieltjes measure associated with «. Prove

that
[t [ s

whenever f is a continuous real-valued function on [0, 1].
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Chapter 8

Properties of Lebesgue
integrals

We present some propositions which imply that a function is zero
a.e. and we give an approximation result.

8.1 Criteria for a function to be zero a.e.

The following two propositions are very useful.
Proposition 8.1 Suppose f is real-valued and measurable and for

every measurable set A we have fA fdu=0. Then f =0 almost
everywhere.

Proof. Let A= {z: f(x) > ¢}. Then

0—/f>/6—6u( )

since fxa > exa. Hence pu(A) = 0. We use this argument for
e=1/nand n=1,2,... to conclude

plz: f(z) >0} = p(UiZy{z : f(z) > 1/n})
Z z)>1/n}) =0.

63



64 CHAPTER 8. PROPERTIES OF LEBESGUE INTEGRALS

Similarly p{z : f(x) < 0} = 0. O

Proposition 8.2 Suppose f is measurable and non-negative and
J fdu=0. Then f =0 almost everywhere.

Proof. If f is not equal to 0 almost everywhere, there exists an n
such that u(A,) > 0 where A,, = {x: f(z) > 1/n}. But since f is

non-negative,
1
o= [r= [ 1= ),
A, n

a contradiction. O

As a corollary to Proposition 8.1 we have the following.

Corollary 8.3 Let m be Lebesgue measure and a € R. Suppose
f: R — R s integrable and f: fly)dy =0 for all xz. Then f =0
a.e.

Proof. For any interval [c, d],

[o=fa= [0

By linearity, if G is the finite union of disjoint intervals, then | cf=
0. By dominated convergence and Proposition 1.5, |, o [ = 0for any
open set G. Again by dominated convergence, if G,, are open sets
decreasing to H, then [, f = lim, fGn f=0.

If F is any Borel measurable set, Proposition 4.14 tells us that
there exists a sequence G,, of open sets that decrease to a set H
where H differs from E by a null set. Then

L= [tw=[rw=[ 1=

This with Proposition 8.1 implies f is zero a.e. O



8.2. AN APPROXIMATION RESULT 65
8.2 An approximation result

We give a result on approximating a function on R by continuous
functions.

Theorem 8.4 Suppose f is a Borel measurable real-valued inte-
grable function on R. Let € > 0. Then there exists a continuous
function g with compact support such that

[1r-d <=

Proof. If we write f = fT — f—, it is enough to find continuous
functions g1 and g, with compact support such that [|f* —¢g1] <
g/2 and [|f~ — g2| < e/2 and to let g = g1 — go. Hence we may
assume f > 0.

By monotone convergence [ f - X[_n,5 increases to [ f, so by
taking n large enough, the difference of the integrals will be less
than €/2. If we find g continuous with compact support such that
J1f - Xj=nm] — gl <€/2, then [|f — g| < e. Therefore we may in
addition assume that f is 0 outside some bounded interval.

Suppose f = xa, where A is a bounded Borel measurable set.
We can choose G open and F' closed such that FF ¢ A C G and
m(G — F) < ¢ by Proposition 4.14. Without loss of generality, we
may assume G is also a bounded set. Since F' is compact, there is
a minimum distance between F' and G¢, say, 0. Let

o) = (1 B dist(ax,F))Jr.

Then g is continuous, 0 < g <1,gis1on F, gis 0 on G° and g
has compact support. We have

lg —xal < xc —xr,
S0
/|9_XA| S/(XG—XF)Zm(G—F)<5.
Thus our result holds for characteristic functions of bounded sets.

If f=73" a;xa,, where each A; is contained in a bounded
interval and each a; > 0, and we find g; continuous with compact
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support such that [|xa, — ;| < /aip, then g = >0 a;g; will
be the desired function. Thus our theorem holds for non-negative
simple functions with compact support.

If f is non-negative and has compact support, we can find simple
functions s,, supported in a bounded interval increasing to f whose
integrals increase to [ f. Let s, be a simple function such that
$m < fand [s, > [f—¢/2. We choose continuous g with
compact support such that [|s,, — g| < /2 using the preceding
paragraphs, and then [ |f — g <e. |

The method of proof, where one proves a result for characteristic
functions, then simple functions, then non-negative functions, and
then finally integrable functions, is very common.

8.3 Exercises

Exercise 8.1 This exercise gives a change of variables formula in
two simple cases. Show that if f is an integrable function on the
reals and a is a nonzero real number, then

/Rf(:cha)d:c:/Rf(x)dx

and
AwaMZGAAf@mx

Exercise 8.2 Let (X, A, 1) be a o-finite measure space. Suppose
f is non-negative and integrable. Prove that if € > 0, there exists
A € A such that p(A) < oo and

5+Afw>/fw.

Exercise 8.3 Suppose A is a Borel measurable subset of [0, 1], m
is Lebesgue measure, and ¢ € (0,1). Prove that there exists a
continuous function f : [0,1] — R such that 0 < f <1 and

m({z: f(z) # xa()}) <e.
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Exercise 8.4 Suppose f is a non-negative integrable function on
a measure space (X, A, ). Prove that

Jm tp({z: f(z) > t}) = 0.

Exercise 8.5 Find a non-negative function f on [0, 1] such that
Jm tm({z: f(x) > t}) =0

but f is not integrable, where m is Lebesgue measure.

Exercise 8.6 Suppose p is a finite measure. Prove that a measur-
able non-negative function f is integrable if and only if

Sl f(x) > n}) < oo

n=1

Exercise 8.7 Let p be a measure, not necessarily o-finite, and
suppose f is real-valued and integrable with respect to u. Prove
that A = {x : f(z) # 0} has o-finite measure, that is, there exists
F, 1 A such that u(F,) < oo for each n.

Exercise 8.8 Recall that a function f: R — R is convex if

fAz 4+ (1=Ny) < Af(2)+ (1= A)f(y)

whenever z <y € R and X € [0, 1].

(1) Prove that if f is convex and = € R, there exists a real number
¢ such that f(y) > f(x) + ¢(y — x) for all y € R. Graphically, this
says that the graph of f lies above the line with slope ¢ that passes
through the point (z, f(z)).

(2) Let (X, A, 1) be a measure space, suppose u(X) = 1, and let
f R — R be convex. Let g : X — R be integrable. Prove Jensen’s

inequality:
f(/gdu) < / fogdu.
b'e

Exercise 8.9 Suppose f is a real-valued function on R such that

1([ swar) < [ oy ae

whenever g is bounded and measurable. Prove that f is convex.
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Exercise 8.10 Suppose g : [0,1] — R is bounded and measurable
and

/ f(@)g(x) dz =0
0

whenever f is continuous and fol f(z)dx = 0. Prove that g is equal
to a constant a.e.



Chapter 9

Riemann integrals

We compare the Lebesgue integral and the Riemann integral. We
show that the Riemann integral of a function exists if and only if
the set of discontinuities of the function have Lebesgue measure
zero, and in that case the Riemann integral and Lebesgue integral
agree.

9.1 Comparison with the Lebesgue in-
tegral

We only consider bounded measurable functions from [a, b] into R.
If we are looking at the Lebesgue integral, we write [ f, while, tem-
porarily, if we are looking at the Riemann integral, we write R(f).
Recall that the Riemann integral on [a,b] is defined as follows: if
P ={xp,21,...,2,} with g = a and z,, = b is a partition of [a, b],
let

n

UP,f)= 1 sup f@)](z;—zi1)

i=1 zi—1<z<z;

and
n

LPf)y =3[ inf_ f(@)] (@ = zi).
Set
R(f) =inf{U(P, f) : P is a partition}

69
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and
R(f) =sup{L(P, f) : P is a partition}.

The Riemann integral exists if R(f) = R(f), and the common value
is the Riemann integral, which we denote R(f).

Theorem 9.1 A bounded Borel measurable real-valued function f
on [a,b] is Riemann integrable if and only if the set of points at
which f is discontinuous has Lebesgue measure 0, and in that case,
the Riemann integral is equal in value to the Lebesgue integral.

Proof. Step 1. First we show that if f is Riemann integrable, then
[ is continuous a.e. and R(f) = [ f. If P is a partition, define

n

Tpx)=> [ sup  FW)Xar . (®),

i—1 Ti—1<y<z;

and
n

Sp(z) = g[miﬂigf] ) P GO

We observe that [Tp = U(P, f) and [ Sp = L(P, f).

If f is Riemann integrable, there exists a sequence of parti-
tions @Q; such that U(Q;, f) 4 R(f) and a sequence @} such that
L(Q}, ) 1T R(f). Tt is not hard to check that adding points to a par-
tition increases L and decreases U, so if we let P; = U;<;(Q; UQ),
then P; is an increasing sequence of partitions, U(P;, f) | R(f) and
L(P;, f) 1T R(f). We see also that Tp, (x) decreases at each point,
say, to T'(z), and Sp,(x) increases at each point, say, to S(z). Also
T(xz) > f(x) > S(z). By dominated convergence (recall that f is
bounded)

J@-5)= m [(Tn - 5p) = Jim U(P )~ LP. 1) =
We conclude T = S = f a.e. If x is not in the null set where
T(x) # S(z) nor in U; P;, which is countable and hence of Lebesgue
measure 0, then Tp,(z) | f(x) and Sp,(z) 1 f(x). We claim that
f is continuous at such x. To prove the claim, given e, choose ¢
large enough so that Tp,(x) — Sp,(x) < € and then choose ¢ small
enough so that (x — d,z + ) is contained in the subinterval of P;
that contains z. Finally, since

R(f) = lim U(P, f) = hm/TP _/f

i—00 i—00
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by the dominated convergence theorem, we see that the Riemann
integral and Lebesgue integral agree.

Step 2. Now suppose that f is continuous a.e. Let ¢ > 0. Let P;
be the partition where we divide [a, b] into 2¢ equal parts. If z is
not in the null set where f is discontinuous, nor in U2, F;, then
Tp,(x) | f(z) and Sp,(z) T f(z). By dominated convergence,

U(Pi,f):/Tpi—>/f
L(Pi,f):/Spi —>/f.

This does it. O

and

Example 9.2 Let [a,b] = [0,1] and f = x4, where A is the set of
irrational numbers in [0,1]. If 2 € [0, 1], every neighborhood of z
contains both rational and irrational points, so f is continuous at
no point of [0,1]. Therefore f is not Riemann integrable.

Example 9.3 Define f(x) on [0, 1] to be 0 if z is irrational and to
be 1/q if z is rational and equals p/q when in reduced form. f is
discontinuous at every rational. If z is irrational and € > 0, there
are only finitely many rationals r for which f(r) > ¢, so taking
0 less than the distance from z to any of this finite collection of
rationals shows that |f(y) — f(z)| < € if |y — x| < §. Hence f is
continuous at x. Therefore the set of discontinuities is a countable
set, hence of measure 0, hence f is Riemann integrable.

9.2 Exercises

Exercise 9.1 Find a measurable function f : [0,1] — R such that

R(f) # Jy f(x)dz and R(f) # [ f(x)da.

Exercise 9.2 Find a function f : (0,1] — R that is continuous,
is not Lebesgue integrable, but where the improper Riemann inte-
gral exists. Thus we want f such that fol |f(x)] m(dz) = oo but
limg 04 R(fX[q,1)) exists.
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Exercise 9.3 Suppose f : [0,1] — R is integrable, f is bounded
on (a, 1] for each a > 0, and the improper Riemann integral

(}g& R(fX(a1))

exists. Show that the limit is equal to fol f(z) da.

Exercise 9.4 Divide [a,b] into 2™ equal subintervals and pick a
point x; out of each subinterval. Let u, be the measure defined by

on

o (dz) =277 8y, (da),

i=1

where d, is point mass at y. Note that if f is a bounded measurable
real-valued function on [a, b], then

on

b
/ 7)) = 37 (2" (9.1)

is a Riemann sum approximation to R(f).

(1) Prove that ([0, z]) — m([0,z]) for every x € [0,1]. Conclude
by Exercise 7.24 that [ fdu, — fol f dz whenever f is continuous.
(2) Use Exercise 7.25 to see that if f is a bounded and measurable
function on [a, b] whose set of discontinuities has measure 0, then
the Riemann sum approximation of f given in (9.1) converges to
the Lebesgue integral of f. This provides an alternative proof of
Step 2 of Theorem 9.1.

Exercise 9.5 Let f be a bounded, real-valued, and measurable
function. Prove that if

Jf=lm sup (),
020 |y—z|<5,a<y<b

then i: T a.e., where we use the notation of Theorem 9.1. Con-
clude f is Lebesgue measurable.

Exercise 9.6 Define f = lims_,oinf|,_;/<s.<y<s f(y) and let f
be defined as in Exercise 9.5.
(1) Suppose that the set of discontinuities of a bounded real-valued
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measurable function f has positive Lebesgue measure. Prove that
there exists € > 0 such that if

A, ={z €[a,b]: f(z) — f(z) > e},

then m(A.) > 0.

(2) Prove that U(P, f) — L(P, f) > em(A) for every partition P
on [a,b], using the notation of Theorem 9.1. Conclude that f is
not Riemann integrable. This provides another proof of Step 1 of
Theorem 9.1.

Exercise 9.7 A real-valued function on a metric space is lower
semicontinuous if {x : f(xz) > a} is open whenever ¢ € R and
upper semicontinuous if {z : f(x) < a} is open whenever a € R.
(1) Prove that if f,, is a sequence of real-valued continuous functions
increasing to f, then f is lower semicontinuous.

(2) Find a bounded lower semicontinuous function f : [0,1] — R
such that f is continuous everywhere except at z = 1/2.

(3) Find a bounded lower semicontinuous real-valued function f
defined on [0, 1] such that the set of discontinuities of f is equal to
the set of rationals in [0, 1].

(4) Find a bounded lower semicontinuous function f : [0,1] — R
such that the set of discontinuities of f has positive measure.

(5) Does there exist a bounded lower semicontinuous function f :
[0,1] — R such that f is discontinuous a.e.?

Exercise 9.8 Find a sequence f,, of continuous functions mapping
[0,1] into [0, 1] such that the f, increase to a bounded function f
which is not Riemann integrable. Such an example shows there
is no monotone convergence theorem or dominated convergence
theorem for Riemann integrals.

Exercise 9.9 Let M > 0 and let B be the o-algebra on [—M, M]?
generated by the collection of sets of the form [a,b] X [¢,d] with
—M<a<b<Mand —M <c¢<d< M. Suppose u is a measure
on ([—M, M]?, B) such that

u(la.d] x [e.d]) = (b — a)(d — o).

(We will construct such a measure p in Chapter 11.) Prove that
if f is continuous with support in [—M, M]?, then the Lebesgue
integral of f with respect to u is equal to the double (Riemann)
integral of f and the two multiple (Riemann) integrals of f.
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Chapter 10

Types of convergence

There are various ways in which a sequence of functions f, can
converge, and we compare some of them.

10.1 Definitions and examples

Definition 10.1 If p is a measure, we say a sequence of mea-
surable functions f, converges almost everywhere to f and write
fn — f a.e. if there is a set of measure 0 such that for x not in
this set we have f,(z) — f(x).

We say f, converges in measure to f if for each € > 0
p({z: [fu(z) = f(x)] >€}) =0
as n — 0o.

Let 1 <p < 0. We say f, converges in LP to f if

[10a = du—o
as n — 0o.
Proposition 10.2 Suppose i is a finite measure.

(1) If f. = f, a.e., then f, converges to f in measure.

(2) If fn, — f in measure, there is a subsequence n; such that
fn; = [, ae.
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Proof. Let € > 0 and suppose f, — f a.e. If

An = {I : |fn(17) - f('r)l > E}a

then x4, — 0 a.e., and by dominated convergence,

H(A,) = / xan () p(dz) — 0.

This proves (1).

To prove (2), suppose f, — f in measure, let ny = 1, and
choose n; > nj_; by induction so that

i s |, (@) = F(@)] > 1/5}) < 279,

Let Aj = {x : |fn,(x) — f(x)| > 1/j}. Then pu(A;) <277, and if
we set
A= R, U, A,

then by Proposition 3.5

_ . 0o ) . . . ,k+1 _

p(A) = Tim p(U52A5) < Tim Zku(Ag) < lim 27+ =0,
=

Therefore A has measure 0. If 2 ¢ A, then x ¢ U2, A; for some

k, and so |fn,(z) — f(z)] < 1/j for j > k. This implies f,, — f on

A, O

Example 10.3 Part (1) of the above proposition is not true if
pu(X) = oo. To see this, let X =R and let f, = X(n,n+1). We have
fn — 0 a.e., but f, does not converge in measure.

The next proposition compares convergence in LP to conver-
gence in measure. Before we prove this, we prove an easy prelimi-
nary result known as Chebyshev’s inequality.

Lemma 10.4 If1 <p < 0, then

wlie s @) 2 ap) < 0

aP
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Proof. Let A= {z :|f(x)| > a}. Since xa < |f|"xa/aP, we have

pa) < [ M < L [ispag

A aP

This is what we wanted. O

Proposition 10.5 If f,, converges to f in LP, then it converges in
measure.

Proof. If ¢ > 0, by Chebyshev’s inequality

pfz = [fo(z) = f(2)] > e}) = p{z = [fu(z) = f(2)[" > £"})
< S — fIP

—0

as required. O

Example 10.6 Let f,, = nQX(O’l/n) on [0, 1] with Lebesgue mea-
sure. This gives an example where f, converges to 0 a.e. and in
measure, but does not converge in LP for any p > 1.

Example 10.7 We give an example where f,, — f in measure and
in LP, but not almost everywhere. Let S = {¢?® : 0 < 6 < 27} be
the unit circle in the complex plane and define

w(A) =m({0 € [0,27) : ¥ € A})

to be arc length measure on S, where m is Lebesgue measure on
[0, 27).

Let X = S and let f,,(x) = xF, (z), where

Let f(e?) = 0 for all 6.

Then pu(F,) < 1/(n+1) — 0, so f, — f in measure. Also,
since f,, is either 1 or 0,

/|fn—f|pdu=/andu:u(Fn)—>0.
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But because Z;‘;l 1/j = oo, each point of S is in infinitely many
F,,, and each point of S is in S — F,, for infinitely many n, so f,
does not converge to f at any point.

The F,, are arcs whose length tends to 0, but such that U, >, F},
contains S for each m.

The following is known as Egorov’s theorem.

Theorem 10.8 Suppose pu is a finite measure, € > 0, and f,, — f
a.e. Then there exists a measurable set A such that u(A) < e and
fn = [ uniformly on A°.

This type of convergence is sometimes known as almost uniform
convergence. Egorov’s theorem is not as useful for solving problems
as one might expect, and students have a tendency to try to use it
when other methods work much better.

Proof. Let

Ape = U {2 ¢ | fm(2) — f(2)] > 1/k}.

For fixed k, A, decreases as n increases. The intersection N, A,k
has measure 0 because for almost every z, |fm(x) — f(z)| < 1/k if
m is sufficiently large. Therefore p(A,x) — 0 as n — co. We can
thus find an integer ny such that p(A,,r) < €27k, Let

A=U2, A .

1/k if n > ng. Thus f,, — f uniformly on A€. |

Hence pu(A) <e. If x ¢ A, then x ¢ A, 1, and so |f,(x) — f(2)] <

10.2 Exercises

Exercise 10.1 Suppose that f, is a sequence that is Cauchy in
measure. This means that given € and a > 0, there exists N such
that if m,n > N, then

pfz = [fo(z) = fin(z)| > a}) <e.

Prove that f, converges in measure.
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Exercise 10.2 Suppose p(X) < oo. Define

_ lf -4
d(f,g) = /m@h

Prove that d is a metric on the space of measurable functions,
except for the fact that d(f,g) = 0 only implies that f = g a.e.,
not necessarily everywhere. Prove that f,, — f in measure if and
only if d(fn, f) — 0.

Exercise 10.3 Prove that if f, — f in measure and each f, is
non-negative, then

f< liminf/fn.

n—oo

Exercise 10.4 Prove that if A,, is measurable and p(A4,) < oo
for each n and x4, converges to f in measure, then there exists a
measurable set A such that f =y a.e.

Exercise 10.5 Suppose for each € there exists a measurable set F'
such that u(F€) < € and f,, converges to f uniformly on F. Prove
that f, converges to f a.e.

Exercise 10.6 Suppose that f, and f are measurable functions
such that for each € > 0 we have

Y ul{@: [ fule) = f(x)] > }) < oo

n=1

Prove that f,, — f a.e.

Exercise 10.7 Let f,, be a sequence of measurable functions and
define

gn () = sup |fm(x) — fu(z)l].

m>n

Prove that if g, converges in measure to 0, then f,, converges a.e.

Exercise 10.8 If (X, A, 1) is a measure space and f, is a sequence
of real-valued measurable functions such that [ f,gdu converges
to 0 for every integrable g, is it necessarily true that f,, converges
to 0 in measure? If not, give a counterexample.
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Chapter 11

Product measures

We have defined Lebesgue measure on the line. Now we give a
method for constructing measures on the plane, in n-dimensional
Euclidean spaces, and many other product spaces. The main theo-
rem, the Fubini theorem, which allows one to interchange the order
of integration, is one of the most important theorems in real anal-
ysis.

11.1 Product o-algebras

Suppose (X, A, n) and (Y, B, v) are two measure spaces and suppose
also that p and v are o-finite measures. A measurable rectangle is
a set of the form A x B, where A € A and B € B.

Let Cy be the collection of finite unions of disjoint measurable
rectangles. Thus every element of Cy is of the form U, (A; x B;),
where A, € A, B, € B, and if i # j, then (A4; x B;)N(A; x B;) = 0.
Since (A x B)¢ = (A x B°) U (A° x Y') and the intersection of two
measurable rectangles is a measurable rectangle, it is easy to check
that Cy is an algebra of sets. We define the product o-algebra

Ax B = O'(Co).
If E € A x B, we define the x-section of E by
s:(BE) = {y € Y : (z.y) € E}
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and similarly define the y-section:

ty(E) ={z: (z,y) € E}.

Given a function f : X xY — R that is A x B measurable, for each
x and y we define S, f : Y = Rand T, f : X — R by

Sefy) = f(z,y),  T,f(x) = f(z,y).

Lemma 11.1 (1) If E € A x B, then s,(E) € B for each x and
ty(E) € A for each y.

(2) If f is A x B measurable, then S, f is B measurable for each x
and T, f is A measurable for each y.

Proof. (1) Let C be the collection of sets in A x B for which
sz(E) € B for each z. We will show that C is a o-algebra containing
the measurable rectangles, and hence is all of A x B.

If E = A x B, then s,(F) is equal to B if x € A and equal to
0 if z ¢ A. Hence s,(F) € B for each  when E is a measurable
rectangle.

If £ € C, then y € s,(FE°) if and only if (z,y) € E¢, which
happens if and only if y ¢ s, (E). Therefore s, (E¢) = (s.(E))¢, and
C is closed under the operation of taking complements. Similarly,
it is easy to see that s, (U2, E;) = U, s, (E;), and so C is closed
under the operation of countable unions.

Therefore C is a o-algebra containing the measurable rectangles,
and hence is equal to A x B. The argument for ¢,(FE) is the same.

(2) Fix . If f = xg for E € A x B, note that S, f(y) =
Xs.(E)(y), which is B measurable. By linearity, S, f is B measurable
when f is a simple function. If f is non-negative, take A x B
measurable simple functions r,, increasing to f, and since S,r, T
S, f, then S, f is B measurable. Writing f = f* — f~ and using
linearity again shows that S, f is B measurable. The argument for
T, f is the same. O

Let E € A x B and let

W) = v(sa(E)),  k(y) = p(ty(E)).
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Proposition 11.2 (1) h is A measurable and k is B measurable.
(2) We have

/mmmmo=/umw@» (11.1)

Since X, (m)(y) = Szxe(y) for all 2 and y, (11.1) could be
written as

/[/Ssz(y)u(dy)} p(dx) :/{/TyXE(x)u(dx) v(dy).

We will usually write this as

//XE(%y) v(dy) p(dz) Z//XE(%y)u(dx)V(dy)-

Proof. First suppose p and v are finite measures. Let C be the
collection of sets in A x B for which (1) and (2) hold. We will prove
that C contains Cy and is a monotone class. This will prove that C
is the smallest o-algebra containing Cy and hence is equal to A x B.

If E=Ax B, with A€ Aand B € B, then h(z) = xa(x)v(B),
which is A measurable and [ h(z)p(dzx) = p(A)v(B). Similarly,
k(y) = p(A)xe(y) is B measurable and [ k(y) v(dy) = p(A)v(B).
Therefore (1) and (2) hold for measurable rectangles.

If E = U] E;, where each E; is a measurable rectangle and the
E; are d15301nt then s, (E) = U ;s,(E;), and since the s,(E;) are
disjoint, then

h(z) = v(sz(E)) = v(UlL,s:(E;) Zl/

i=1

This shows that h is A measurable, since it is the sum of A mea-
surable functions. Similarly k(y) is B measurable. If we let h;(z) =
v(s;(F;)) and define k;(y) similarly, then

[ it ute) = [ ksto) vidy

by the preceding paragraph, and then (2) holds for E by linearity.
Therefore C contains Cy.

Suppose E,, T E and each E,, € C. If we let h,,(z) = v(sz(E,))
and let k. (y) = u(tn(Ey)), then h, T h and k,, 1 k. Therefore h is
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A measurable and k is B measurable. We have (11.1) holding when
h and k are replaced by h, and k,, resp. We let n — oo and use
the monotone convergence theorem to see that (11.1) holds with h
and k.

If £, | E with each E, € C, almost the same argument shows
that h and k are measurable with respect to A and B, and that
(11.1) holds. The only difference is that we use the dominated con-
vergence theorem in place of the monotone convergence theorem.
This is where we need p and v to be finite measures.

We have shown C is a monotone class containing Cy. By the
monotone class theorem (Theorem 2.10), C is equal to o(Cy), which
is Ax B.

Finally suppose p and v are o-finite. Then there exist F; T X
and G; T Y such that each F; is A measurable and has finite pu
measure and each G; is B measurable and has finite v measure.
Let p;(A) = (AN F;) for each A € A and v;(A) = v(ANG,;) for
each B € B. Let hi(z) = vi(sz(E)) = v(sz(E) N G;) and similarly
define k;(y). By what we have proved above, h; is A measurable,
k; is B measurable, and (11.1) holds if we replace h and k by h; and
k;, resp. Now h; T h and k; 1 k, which proves the measurability of
h and k. Applying the monotone convergence theorem proves that
(11.1) holds with h and k. O

We now define 1 x v by

pxo(B) = [yt = [k)vidy. (12

Clearly p x v(0) = 0. If Fy,..., E, are disjoint and in A x B and
E = U}, E;, then we saw in the proof of Proposition 11.2 that
v(sz(E)) = > i v(s.(E;)). We conclude that

i x W(E) = / (52 (o) = 3 / (s, (Ey)) pldz)

= uxv(E),
i=1

or p x v is finitely additive. If E,, 1 E with each E,, € Ax B and we
let hy,(x) = v(s;(Ey)), then h,, 1 h, and by monotone convergence,
wXv(Ey) 1T px v(E). Therefore p x v is a measure.
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Note that if E = A x B is a measurable rectangle, then h(z) =
xa(z)v(B) and so

1 x V(A x B) = u(A)(B),

which is what it should be.

11.2 The Fubini theorem

The main result of this chapter is the Fubini theorem, which allows
one to interchange the order of integration. This is sometimes
called the Fubini-Tonelli theorem.

Theorem 11.3 Suppose f : X XY — R is measurable with respect
to A x B. If either

(a) f is non-negative, or

(0) [ 1f(z,y)ld(p x v)(z,y) < oo
then
(1) for each x, the function y — f(z,y) is measurable with respect
to B;
(2) for each y, the function x — f(x,y) is measurable with respect
to A;

(3) the function g(z) = [ f(z,y) v(dy) is measurable with respect
to A;

(4) the function h(y) = [ f(z,y) u(dx) is measurable with respect
to B;

(5) we have

/ffcy (1 x v)(x,y) //fwydu dv(y)  (11.3)

=/ /f(ﬂm/) dV(y) p(dz).

The last integral in (11.3) should be interpreted as

1] et viay)] utae)

and similarly for the second integral in (11.3). Since no confusion
results, most often the brackets are omitted in (11.3).

Proof. If f is the characteristic function of a set in A x B, then
(1)—(5) are merely a restatement of Lemma 11.1 and Proposition
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11.2. By linearity, (1)—(5) hold if f is a simple function. Since the
increasing limit of measurable functions is measurable, then writing
a non-negative function as the increasing limit of simple functions
and using the monotone convergence theorem, we see that (1)—(5)
hold when f is non-negative. In the case where [ |f|d(pxv) < oo,
writing f = f* — f~ and using linearity proves (1)—(5) for this
case, t0o. ]

Observe that if we know

[ [ 11 utdo)viay) < oo

then since |f(z,y)| is non-negative the Fubini theorem tells us that

[1s@wldxw) = [ [ 15t vy <o

We can then apply the Fubini theorem again to conclude

[t@nduxn = [ [t@ydude= [ [ s dvin.

Thus in the hypotheses of the Fubini theorem, we could as well
assume [ [ |f(z,y)|dpdv < oo or [ [|f(z,y)|dvdp < co.

When f is measurable with respect to A x B, we sometimes say
that f is jointly measurable.

Even when (X, A, u) and (Y, B,v) are complete, it will not be
the case in general that (X x Y, A x B, X v) is complete. For
example, let (X, A,u) = (Y,B,v) be Lebesgue measure on [0, 1]
with the Lebesgue o-algebra. Let A be a non-measurable set in
[0,1] and let E = A x {1/2}. Then FE is not a measurable set with
respect to Ax B, or else A = t; /5(F) would be in A by Lemma 11.1.
On the other hand, F C [0,1] x {1/2}, which has zero measure with
respect to pu X v, so E is a null set.

One can take the completion of (X x Y, A x B, u x v) without
great difficulty. See [4] for details.

There is no difficulty extending the Fubini theorem to the prod-
uct of n measures. If we have u1, ..., u, all equal to m, Lebesgue
measure on R with the Lebesgue o-algebra L, then the completion
of (R", L x---x L,mX---xm) is called n-dimensional Lebesgue
measure.

For a general change of variables theorem, see [1].
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11.3 Examples

We give two examples to show that the hypotheses of the Fubini
theorem are necessary.

Example 11.4 Let X = Y = [0,1] and p and v both being
Lebesgue measure. Let g; be continuous functions with support
in (1/(i+1),1/i) such that fol gi(x)dr=1,i=1,2,.... Let

o0
f@y) = [9i(x) = gira(2)]gi(y).
i=1
For each point (x,y) at most two terms in the sum are nonzero, so
the sum is actually a finite one. If we first integrate with respect
to y, we get
1 e’}
A.ﬂ%mdy=§jmu»—mHmn

i=1

This is a telescoping series, and sums to gq(x). Therefore

/Ol/olf(x,y)dyd:r:/Olgl(x)dx: 1.

On the other hand, integrating first with respect to x gives 0, so

/Ol/olf(z,y)dxdy—().

This doesn’t contradict the Fubini theorem because

KAWmMM@:w

Example 11.5 For this example, you have to take on faith a bit of
set theory. There exists a set X together with a partial order “<”
such that X is uncountable but for any y € X, the set {x € X :
x < y} is countable. An example is to let X be the set of countable
ordinals. Define p on X by u(A) = 0 if A is countable and 1 if
A is uncountable. The o-algebra is the collection of subsets A of
X such that either A or A€ is countable. Define f on X x X by
f(z,y) =1if x <y and zero otherwise. Then [ [ f(z,y)dydx =1
but [ [ f(z,y)dzdy = 0. The reason there is no contradiction is
that f is not measurable with respect to the product o-algebra.
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11.4 Exercises

Exercise 11.1 State and prove a version of the Fubini theorem
for complex-valued functions.

Exercise 11.2 Let (X, .A) and (Y, B) be two measurable spaces
and let f > 0 be measurable with respect to A x B. Let g(z) =
sup,ey f(7,y) and suppose g(x) < oo for each z. Is g necessarily
measurable with respect to A? If not, find a counterexample.

Exercise 11.3 Prove the equality

| il / T e | f(@)] > 1)) dr,

— 00

where m is Lebesgue measure.

Exercise 11.4 Let A be a Lebesgue measurable subset of [0,1]2
with ma(A) = 1, where mg is two-dimensional Lebesgue measure.
Show that for almost every x € [0,1] (with respect to one di-
mensional Lebesgue measure) the set s,(A) has one-dimensional
Lebesgue measure one.

Exercise 11.5 Let f : [0,1]> — R be such that for every = € [0, 1]
the function y — f(x,y) is Lebesgue measurable on [0,1] and for
every y € [0,1] the function z — f(x,y) is continuous on [0, 1].
Prove that f is measurable with respect to the the completion of
the product o-algebra £ x £ on [0,1]2. Here £ is the Lebesgue
o-algebra on [0, 1].

Exercise 11.6 Suppose f is real-valued and integrable with re-
spect to two-dimensional Lebesgue measure on [0, 1]? and

/oa/obf(w,y)dydxzo

for all @ € [0,1] and b € [0,1]. Prove that f =0 a.e.

Exercise 11.7 Prove that
1,1 .2 2
r -y .
——log(4 +sinz) dydz
/0 /0 (22 +y2)? 2 )y

LR
= ———log(4 +sinz) dz dy.
|| | G st +sina ey
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Exercise 11.8 Let X = Y = [0,1] and let B be the Borel o-
algebra. Let m be Lebesgue measure and p counting measure on
[0, 1].

(1) I D ={(z,y) : £ = y}, show that D is measurable with respect
to B x B.

(2) Show that

LLXD(I,y)H<dy)m(dI)%/}/AXD(xvy)m(dI)ﬂ(dy)-

Why does this not contradict the Fubini theorem?

Exercise 11.9 Let X =Y =R and let B be the Borel o-algebra.
Define

1, z>0and z <y <z+1;
flz,y)=¢ -1, z>0andz+1<y<z+2;

0, otherwise.
Show that

[ [t@mayds [ [ rg)azay

Why does this not contradict the Fubini theorem?

Exercise 11.10 Find a real-valued function f that is integrable
on [0,1])? such that

/Oa/olf(x,y)dydxzo, /Ol/obf(%y)dydx:()

for every a,b € [0,1], but f is not zero almost everywhere with
respect to 2-dimensional Lebesgue measure.

Exercise 11.11 Let u be a finite measure on R and let a(x) =
p((=o0,z]). Show

/[a(a: +¢) — a(z)]dz = cu(R).

Exercise 11.12 Use

1 o0
- = / e "dy
€ 0
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and the Fubini theorem to calculate

b 9]
/ / e Wsinx dy dr
0o Jo

two different ways. Then prove that

. b sinx T
lim der = —.
b—o0 0 x 2

Recall that

au : _
/e““ sinudu < € (asinu — cosu) L
1+ a?

Exercise 11.13 Let X = {1,2,...} and let p be counting measure
on X. Define f: X x X — R by

L z=y
f(l',y): -1, x=2/+17
0, otherwise.

Show that

[ [ @ ntannan # [ [ 5w pag) s

Why is this not a contradiction to the Fubini theorem?

Exercise 11.14 Let {a,} and {r,} be two sequences of real num-
bers such that Y | |a,| < co. Prove that

; \/|x_7"n

converges absolutely for almost every = € R.

Exercise 11.15 Let (X, A,p) and (Y, B,v) be measure spaces.
Prove that if A\ is a measure on A x B such that

A(A x B) = u(A)v(B)

whenever A € A and B € B, then A=y x v on A x B.
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Exercise 11.16 Let S be the unit circle {¢® : 0 < § < 27} and
define a measure y on S by u(A) = m({0 : € € A}), where m is
Lebesgue measure on [0, 27). Let mg be two-dimensional Brownian
motion. Show that if A is a Borel subset of S and R > 0, then

ma({re? : 0 <r < R, € A}) = n(A)R?/2.
Exercise 11.17 Use Exercise 11.16 to prove that if f is a continu-

ous real-valued function with support in the ball B(0, R) = {(z,y) :
z? +y? < R?}, then

2 R
// f(x,y)dydx:/ / f(rcos,rsind)rdrdd.
B(0,R) o Jo

Exercise 11.18 Prove that
/ e /2 dy = /2
0

by filling in t}%e missing steps and making rigorous the following.
If I = [;° e */2dx, then

0o oo 5 o m/2 oo 2
]2:/ / e~ @ty )/Qdydx:/ / e " /2rdrd9:7r/2.
o Jo 0 0

Exercise 11.19 If M = (M;;)7';_; is a n X n matrix and = =
(1,...,2,) € R?, define Mz to be the element of R” whose i'"
coordinate is Z?Zl M;;x;. (This is just the usual matrix multipli-
cation of a n x n matrix and a n x 1 matrix.) If A is a Borel subset
of R", let M(A) ={Mz:x € A}.

(1) If c€ R and

c, 1=j=1;
Mij =41, i=j#1
0, i#J;

show
mn(M(A)) = [c|mn(A) = [det M[my(A),
where we use m,, for n-dimensional Lebesgue measure. (Multipli-

cation by M multiplies the first coordinate by c.)
(2)If1 <k<nand

i=1and j =k;

j=1landi=k;

M;; = . .
i = j and neither equals k;

O = ==

otherwise;
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show
my(M(A)) = m,(A) = | det M|m,,(A).
(Multiplication by M interchanges the i** and k" coordinates.)
(3) If ce R and
L i=7;
Mij: C, 7,:1,]:2,
0, otherwise,
show
mu(M(A)) = m,(A) = | det M|m,,(A).
(Multiplication by M replaces x; by 1 + cxs.)
(4) Since every n X n matrix can be written as the product of ma-

trices each of which has the form given in (1), (2), or (3), conclude
that if M is any n X n matrix, then

mp(M(A)) = | det M|m, (A).

(5) If M is an orthogonal matrix, so that M times its transpose
is the identity, show m, (M (A4)) = m,(A). (Multiplication by an
orthogonal matrix is a rotation of R™.)



Chapter 12

Signed measures

Signed measures have the countable additivity property of mea-
sures, but are allowed to take negative as well as positive val-
ues. We will see shortly that an example of a signed measure is
v(A) = fA f du, where f is integrable and takes both positive and
negative values.

12.1 Positive and negative sets

Definition 12.1 Let A be a oc-algebra. A signed measure is a
function p : A — (—o00,00] such that () = 0 and p(U2, A;) =
> ooy w(A;) whenever the A; are pairwise disjoint and all the A;
are in A.

When we want to emphasize that a measure is defined as in
Definition 3.1 and only takes non-negative values, we refer to it as
a positive measure.

Definition 12.2 Let i be a signed measure. A set A € A is called
a positive set for p if u(B) > 0 whenever B C A and B € A. We
say A € A is a negative set if u(B) < 0 whenever B C A and
B e A. A null set A is one where pu(B) = 0 whenever B C A and
B e A

93
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Note that if p is a signed measure, then
p(UZ4;) = lim p(UiL, A4;).
n—oo

The proof is the same as in the case of positive measures.

Example 12.3 Suppose m is Lebesgue measure and

H(A) =/Afdm

for some integrable f. If we let P = {« : f(z) > 0}, then P
is easily seen to be a positive set, and if N = {z : f(z) < 0},
then N is a negative set. The Hahn decomposition which we give
below is a decomposition of our space (in this case R) into the
positive and negative sets P and N. This decomposition is unique,
except that C = {x : f(z) = 0} could be included in N instead
of P, or apportioned partially to P and partially to N. Note,
however, that C is a null set. The Jordan decomposition below is
a decomposition of y into p* and p~, where pt(A) = [, ftdm
and p~(A) = [, f~ dm.

Proposition 12.4 Let p be a signed measure which takes values
in (—o0,00|. Let E be measurable with u(E) < 0. Then there exists
a measurable subset F' of E that is a negative set with u(F) < 0.

Proof. If F is a negative set, we are done. If not, there exists a
measurable subset with positive measure. Let n; be the smallest
positive integer such that there exists Fy C E with u(E7) > 1/n;.
We then define pairwise disjoint measurable sets Es, F3,... by in-
duction as follows. Let k& > 2 and suppose Ei,..., Fx_1 are pair-
wise disjoint measurable sets with p(E;) > 0 fori=1,...,k — 1.
If F,=FE — (E1U---UFEg_1) is a negative set, then

k—1

p(Fy) = u(B) = > p(E;) < p(E) <0
i=1

and F} is the desired set F. If Fj is not a negative set, let ny be
the smallest positive integer such that there exists Ey C Fj with
Ej) measurable and p(Ey) > 1/ng.
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We stop the construction if there exists k& such that Fj is a
negative set with p(Fy) < 0. If not, we continue and let F =
NiE = E — (U Ey). Since 0 > p(E) > —oo and pu(Ey) > 0, then

WE) = u(F) + Y u(Ey).
k=1

Then pu(F) < u(E) < 0, so the sum converges.

It remains to show that F' is a negative set. Suppose G C F' is
measurable with u(G) > 0. Then u(G) > 1/N for some N. But
this contradicts the construction, since for some k, ny > N, and
we would have chosen the set G instead of the set Ej at stage k.
Therefore F' must be a negative set. O

12.2 Hahn decomposition theorem

Recall that we write AAB for (A — B)U (B — A). The following is
known as the Hahn decomposition.

Theorem 12.5 (1) Let p be a signed measure taking values in
(—o00,00]. There exist disjoint measurable sets E and F in A whose
union is X and such that E is a negative set and F is a positive
set.

(2) If E' and F’' are another such pair, then EAE' = FAF’ is
a null set with respect to p.

(3) If p is not a positive measure, then u(E) < 0. If —u is not
a positive measure, then u(F) > 0.

Proof. (1) Let L = inf{u(A) : A is a negative set}. Choose
negative sets A, such that u(A4,) — L. Let E = U2 A,. Let
B, =A,—(B1U---UB,,_1) for each n. Since A,, is a negative set,
so is each B,. Also, the B,, are disjoint and U, B,, = U, A, = E.
If C C F, then

p(C) = lim p(C'N (U By)) = lim » u(C'NB;) <0

n—oo ;
i=1

Thus F is a negative set.
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Since F is a negative set,
M(E) = M(An) + IU’(E - An) < N'(An)
Letting n — oo, we obtain u(E) = L.

Let FF = E°. If F were not a positive set, there would exist
B C F with u(B) < 0. By Proposition 12.4 there exists a negative
set C contained in B with u(C) < 0. But then £ U C would be a
negative set with u(E U C) < u(E) = L, a contradiction.

(2) To prove uniqueness, if E’, F’ are another such pair of sets
and ACFE—F C E,then u(A)<0. ButACE—-E' =F'—-FC
F’, so u(A) > 0. Therefore u(A) = 0. The same argument works if
A C E' — E, and any subset of EAFE’ can be written as the union
of Ay and Ay, where Ay CE — E' and A, C E' — E.

(3) Suppose p is not a positive measure but u(E) = 0. If A € A,
then

w(A) = (AN E) + n(ANF) = p(E) + p(ANF) >0,

which says that g must be a positive measure, a contradiction. A
similar argument applies for —y and F'. O

Let us say two measures p and v are mutually singular if there
exist two disjoint sets E and F' in A whose union is X with u(E) =
v(F) = 0. This is often written p L v.

Example 12.6 If y is Lebesgue measure restricted to [0, 1/2], that
is, u(A) = m(AN[0,1/2]), and v is Lebesgue measure restricted to
[1/2,1], then p and v are mutually singular. We let £ = [0,1/2] and
F = (1/2,1]. This example works because the Lebesgue measure
of {1/2} is 0.

Example 12.7 A more interesting example is the following. Let f
be the Cantor-Lebesgue function where we define f(z) =1ifz > 1
and f(xz) =01if <0 and let v be the Lebesgue-Stieltjes measure
associated with f. Let u be Lebesgue measure. Then p 1L v. To
see this, we let £ = C, where C' is the Cantor set, and F' = C°. We
already know that m(E) = 0 and we need to show v(F') = 0. To do
that, we need to show v(I) = 0 for every open interval contained
in F. This will follow if we show v(J) = 0 for every interval of the
form J = (a,b] contained in F. But f is constant on every such
interval, so f(b) = f(a), and therefore v(.J) = f(b) — f(a) = 0.
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12.3 Jordan decomposition theorem
The following is known as the Jordan decomposition theorem.

Theorem 12.8 If i is a signed measure on a measurable space
(X, A), there exist positive measures u* and p~ such that p =
ut—p~ and pt and p~ are mutually singular. This decomposition
18 unique.

Proof. Let E and F be negative and positive sets, resp., for u
so that X = FUF and ENF = 0. Let pt(A) = u(ANF),
u (A) = —u(AN E). This gives the desired decomposition.

If w = vT — v~ is another such decomposition with v+, v~
mutually singular, let E’ be a set such that v*(E’) = 0 and
v=((E")¢) =0. Set F' = (E')°. Hence X = E'UF" and E'NF’ = .
If AC F', then v (A) <v (F') =0, and so

H(A) = v+ (A) — v~ (4) = v (4) > 0,

and consequently F” is a positive set for p. Similarly, E’ is a nega-
tive set for p. Thus E’, F’ gives another Hahn decomposition of X.
By the uniqueness part of the Hahn decomposition theorem, FAF’
is a null set with respect to pu. Since vT(E’) = 0 and v~ (F') = 0,
if A€ A, then
vH(A) =vH(ANF)=vT(ANF)—v (AN F)
=p(ANF) = p(ANF) = p*(4),

and similarly v= = p~. O
The measure
ul = +u (12.1)
is called the total variation measure of p.

12.4 Exercises

Exercise 12.1 Suppose p is a signed measure. Prove that A is a
null set with respect to p if and only if |u|(A4) = 0.
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Exercise 12.2 Let p be a signed measure. Define

[tan= [ gauw = [ .
| [ | < [ 1r1d

Exercise 12.3 Let u be a signed measure on (X, .A). Prove that

Prove that

u(A)] :SUP{’/Afdu‘ f < 1}.

Exercise 12.4 Let i be a positive measure and v a signed mea-
sure. Prove that v < p if and only if ™ < p and v~ < p.

Exercise 12.5 Let (X,.A) be a measurable space. Suppose A\ =
u — v, where y and v are finite positive measures. Prove that
wu(A) > At(A) and v(A) > A~ (A) for every A € A.

Exercise 12.6 Let (X,.A) be a measurable space. Prove that if u
and v are finite signed measures, then |p+ v|(A) < |u(A)| + |v(4)]
for every A € A.

Exercise 12.7 Suppose that p is a signed measure on (X,.A).
Prove that if A € A, then

pt(A) =sup{u(B): B€ A, B C A}

and
u~ (A)=—inf{u(B): Be A, B C A}

Exercise 12.8 Suppose that p is a signed measure on (X,.A).
Prove that if A € A, then

|| (A) = sup{Z|u(Bj)| : each Bj € A,
j=1

the B; are disjoint, Uj_, B; = A}.



Chapter 13

The Radon-Nikodym
theorem

Suppose f is non-negative and integrable with respect to u. If we
define v by

o) = [ s, (13.1)

then v is a measure. The only part that needs thought is the
countable additivity. If A,, are disjoint measurable sets, we have

I/(UnAn):/ ) fd,u:Z/A fd/LZZZ/(An)
UnAn n=1 n

n=1

by using Proposition 7.5. Moreover, v(A) is zero whenever p(A)
is.

In this chapter we consider the converse. If we are given two
measures p and v, when does there exist f such that (13.1) holds?
The Radon-Nikodym theorem answers this question.

13.1 Absolute continuity

Definition 13.1 A measure v is said to be absolutely continuous
with respect to a measure p if v(A) = 0 whenever u(A) = 0. We
write v < p.

99
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Proposition 13.2 Let v be a finite measure. Then v is absolutely
continuous with respect to u if and only if for all € there exists §
such that p(A) < 6 implies v(A) < e.

Proof. Suppose for each ¢, there exists ¢ such that pu(4) < §
implies v(A) < e. If p(A) = 0, then v(A) < ¢ for all €, hence
v(A) =0, and thus v < p.

Suppose now that v < p. If there exists an ¢ for which no
corresponding § exists, then there exists Ej, such that u(E) < 27F
but v(Ey) > e. Let F =Ny, U, Ei. Then

. 0 : -k _
p(F) = lim p(U2,, By) < nlggo; 27 =0,

but
v(F) = lim v(U2,EL) > ¢
n—oo
This contradicts the absolute continuity. O

13.2 The main theorem

Lemma 13.3 Let o and v be finite positive measures on a mea-
surable space (X, A). Either p L v or else there exists € > 0 and
G € A such that 1(G) > 0 and G is a positive set for v — ep.

Proof. Consider the Hahn decomposition for v — % . Thus there
exists a negative set F, and a positive set Fj, for this measure,
FE,, and F, are disjoint, and their union is X. Let F' = U, F,, and
E=n,E,. Note E° =U,ES =U,F, =F.

For each n, £ C E,, so
V(E) <v(E,) < Lu(E,) < Lu(X).

Since v is a positive measure, this implies v(E) = 0.

One possibility is that u(E°) = 0, in which case p L v. The
other possibility is that p(E€) > 0. In this case, u(F,) > 0 for
some n. Let e = 1/n and G = F,,. Then from the definition of F,,
G is a positive set for v — ep. |
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We now are ready for the Radon-Nikodym theorem.

Theorem 13.4 Suppose p is a o-finite positive measure on a mea-
surable space (X, A) and v is a finite positive measure on (X, .A)
such that v s absolutely continuous with respect to . Then there
exists a p-integrable non-negative function f which is measurable
with respect to A such that

v(A) = /Afdu

for all A € A. Moreover, if g is another such function, then f =g
almost everywhere with respect to p.

The function f is called the Radon-Nikodym derivative of v with
respect to p or sometimes the density of v with respect to u, and
is written f = dv/dp. Sometimes one writes

dv = fdu.

The idea of the proof is to look at the set of f such that
Jufdp < v(A) for each A € A, and then to choose the one such
that [, fdu is largest.

Proof. Step 1. Let us first prove the uniqueness assertion. For
every set A we have

/A(f —g)dp =v(A) —v(A)=0.

By Proposition 8.1 we have f — g = 0 a.e. with respect to pu.

Step 2. Let us assume p is a finite measure for now. In this step
we define the function f. Define

F = {g measurable : g > 0,/ gdp <v(A) for all A e A}.
A

F is not empty because 0 € F. Let L = sup{[gdu : g € F},
and let g, be a sequence in F such that fgn dpu — L. Let h, =
max(g1, ..., gn)-

We claim that if g; and g are in F, then hy = max(g1, g2) is
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also in F. To see this, let B = {z : g1(z) > g2(z)}, and write

/hm:/ h2d,u+/ ha dj
A ANB ANBe¢

/ g1 dp + / ge dp
ANB AnBe

<v(ANB)+v(AnB°)
=v(A).
Therefore hy € F.
By an induction argument, h,, is in F.

The h,, increase, say to f. By monotone convergence, [ fdu =
L and

/ fdp <v(A) (13.2)
A
for all A.

Step 8. Next we prove that f is the desired function. Define a
measure A by

AMA)=v(A) - /A fdu.
A is a positive measure since f € F.

Suppose A is not mutually singular to p. By Lemma 13.3, there
exists € > 0 and G such that G is measurable, ©(G) > 0, and G is
a positive set for A — eu. For any A € A,

—/ fdu=MA) > MANG) Zsu(AﬂG)=/€XGdu,
A A

or
v(4) = [ (f+exe) dn
A
Hence f +exg € F. But

/X(f+e><c,~>du — Lt en(G) > L,

a contradiction to the definition of L.

Therefore A L p. Then there must exist H € A such that
w(H) =0 and A(H¢) = 0. Since v < p, then v(H) = 0, and hence

/\(H):V(H)—/Hfd,u:().
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This implies A = 0, or v(A) = [, fdp for all A.

Step 4. We now suppose p is o-finite. There exist F; 1 X such
that u(F;) < oo for each i. Let p; be the restriction of u to Fj,
that is, p;(A) = (AN F;). Define v;, the restriction of v to Fj,
similarly. If p;(A) = 0, then (AN F;) = 0, hence v(AN F;) =0,
and thus v;(A) = 0. Therefore v; < p;. If f; is the function such
that dv; = f; dp;, the argument of Step 1 shows that f; = f; on F;
if i < j. Define f by f(z) = fi(z) if € F;. Then for each A € A,

V(AN E;) = vi(A) = /Afi dpi = /AmFi fdp.

Letting ¢ — oo shows that f is the desired function. |

13.3 Lebesgue decomposition theorem

The proof of the Lebesgue decomposition theorem is almost the
same.

Theorem 13.5 Suppose p and v are two finite positive measures.
There exist positive measures A, p such that v = A+p, p is absolutely
continuous with respect to p, and A and p are mutually singular.

Proof. Define 7 and L and construct f as in the proof of the
Radon-Nikodym theorem. Let p(A) = [, fdp and let A = v — p.
Our construction shows that

/Afdu <v(A),

so A(A) > 0 for all A. We have p+ A = v. We need to show p and
A are mutually singular.

If not, by Lemma 13.3, there exists € > 0 and F' € A such that
u(F) > 0 and F is a positive set for A — epu. We get a contradic-
tion exactly as in the proof of the Radon-Nikodym theorem. We
conclude that A L pu. O
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13.4 Exercises

Exercise 13.1 This exercise asks you to prove the Radon-Niko-
dym theorem for signed measures. Let (X,.A) be a measurable
space. Suppose v is a signed measure, y is a finite positive measure,
and v(A) = 0 whenever p(A) = 0 and A € A. Show there exists
an integrable real-valued function f such that v(4) = [ 4 f dp for
all A € A.

Exercise 13.2 We define a compler measure p on a measurable
space (X,.A) to be a map from A to C such that u(f) = 0 and
p(U2y Ay) = 3072 u(A;) whenever the A; are in A and are pair-
wise disjoint. Formulate and prove a Radon-Nikodym theorem for
complex measures.

Exercise 13.3 Let (X, .A) be a measurable space and let u and v
be two finite measures. We say p and v are equivalent measures if
u < v and v < p. Show that p and v are equivalent if and only
if there exists a measurable function f that is strictly positive a.e.
with respect to p such that dv = f du.

Exercise 13.4 Suppose p and v are two finite measures such that
v is absolutely continuous with respect to u. Let p = u + v. Note
that p(A) < p(A) and v(A) < p(A) for each measurable A. In
particular, ¢ < p and v <« p. Prove that if f = du/dp and
g = dv/dp, then g is strictly positive for almost every x with respect

tou, f+g=1,and dv = (f/g)du.

Exercise 13.5 If 4 is a signed measure on (X,.A4) and |p| is the
total variation measure, prove that there exists a real-valued func-
tion f that is measurable with respect to A such that |f| =1 a.e.
with respect to p and du = f d|p|.

Exercise 13.6 Suppose v < i and p < v. Prove that p < p and
dp dp dv

dp — dvdp’
Exercise 13.7 Suppose )\, is a sequence of positive measures on

a measurable space (X, A) with sup,, A\, (X) < oo and p is another
finite positive measure on (X,.A). Suppose A, = fndu + v, is
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the Lebesgue decomposition of A,; in particular, v, L pu. If A =
S | A, show that

n=1
A= (ifn) du+iyn
n=1

n=1

is the Lebesgue decomposition of .

Exercise 13.8 Let (X, F,u) be a measure space, and suppose £
is a sub-o-algebra of F, that is, £ is itself a o-algebra and & C F.
Suppose [ is a non-negative integrable function that is measurable
with respect to F. Define v(A) = [, fdu for A € £ and let i be
the restriction of u to £.

(1) Prove that v < 7.

(2) Since v and 71 are measures on &, then g = dv/df is measurable
with respect to £. Prove that

/Agdu=/Afdu (13.3)

whenever A € €. ¢ is called the conditional expectation of f with
respect to £ and we write ¢ = E[f | £]. If f is integrable and
real-valued but not necessarily non-negative, we define

E[f [E]=E[f"[E]-E[f™ | €]

3) Show that f = g if and only if f is measurable with respect to
E.

(4) Prove that if  is £ measurable and [, hdp = [, fdpu for all
A € &, then h = g a.e. with respect to p.

Exercise 13.9 Suppose (X, A, i) is a measure space and f is in-
tegrable and measurable with respect to A. Suppose in addition
that B, Bs,...,B, is a finite sequence of disjoint elements of A
whose union is X and that each B; has positive p measure. Let
C=0(By,...,B,). Prove that

" Jp, fd
E[f[C] :Z%XBJ"
j=1 J

Exercise 13.10 Suppose that (X, F, u) is a measure space, & is a
sub-o-algebra of F, and D is a sub-o-algebra of £. Suppose f is
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integrable, real-valued, and measurable with respect to F. Prove

that
E[E[f[€] [D]=E[f]|D]

and
E[E[f|D] [€]=E[f|D].

Exercise 13.11 Suppose that (X, F,u) is a measure space and
£ is a sub-c-algebra of F. Suppose that f and fg are integrable
real-valued functions, where f is measurable with respect to F and
g is measurable with respect to £. Prove that

Elfgl&]=gE[f| €]



Chapter 14

Differentiation

In this chapter we want to look at when a function from R to R is
differentiable and when the fundamental theorem of calculus holds.
Briefly, our results are the following.

(1) The derivative of f; f(y)dy is equal to f a.e. if f is integrable
(Theorem 14.5);

(2) Functions of bounded variation, in particular monotone func-
tions, are differentiable (Theorem 14.8);

(3) f: f'(y)dy = f(b)— f(a) if f is absolutely continuous (Theorem
14.14).

Our approach uses what are known as maximal functions and
uses the Radon-Nikodym theorem and the Lebesgue decomposition
theorem. However, some students and instructors prefer a more
elementary proof of the results on differentiation. In Sections 14.5,
14.6, and 14.7 we give an alternative approach that avoids the
use of the Radon-Nikodym theorem and Lebesgue decomposition
theorem.

The definition of derivative is the same as in elementary calcu-
lus. A function f is differentiable at x if

o Fa@+ )~ J(@)
h—0 h

exists, and the limit is called the derivative of f at x and is denoted
f'(x). I f:[a,b] = R, we say f is differentiable on [a,b] if the

107
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derivative exists for each x € (a,b) and both

lim w and lim
h—0+ h h—s0—

fo+h) - fb)
h

exist.

14.1 Maximal functions

In this section we consider real-valued functions on R". Let B(x,r)
be the open ball with center x and radius r.

The following is an example of what is known as a covering
lemma. We use m for Lebesgue measure on R™ throughout this
section.

Proposition 14.1 Suppose E C R"™ is covered by a collection of
balls {Bs} of bounded diameter. There exists a disjoint sequence

By, By, ... of elements of {Bs} such that

m(E) < 5" > m(By).
k

Proof. Let d(B,) be the diameter of B,. Choose By such that

d(By) > 5 supd(By,).

1
2

Once By, ..., By are chosen, choose By, 1 disjoint from By, ..., By
such that

d(Bi+1) = 3 sup{d(By,) : B, is disjoint from By, ..., By}

The procedure might terminate after a finite number of steps or it
might not.

If >, m(By) = oo, we have our result. Suppose »_, m(By) <
oo. Let B} be a ball with the same center as By but 5 times the
radius. We claim E' C Ui Bj. Once we have this,

m(E) <m(UeB;) <Y m(By) = 5" m(B).
k k
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To show E C Ui B}, it suffices to show each B, C Uy B}, since
{Ba} is a cover of E. Fix a. If B, is one of the By, we are done.

If >~ m(By) < oo, then d(B) — 0. Let k be the smallest
integer such that d(Bji1) < 2d(Ba). B, must intersect one of
By, ..., By, or else we would have chosen it instead of By;1. There-
fore B, intersects B;, for some jo < k. We know 3d(B,) < d(Bj,),
and some simple geometry shows that B, C Bj . In fact, let z;,
be the center of Bj, and y a point in B, N Bj,. If x € B,, then

|‘T - Ijo| < |1‘ - y| + |y - zja| < d(BOé) + d(Bjo)/2 < gd(Bjo)a

or z € B} . Therefore B, C Bj,, and the proof is complete. O

We say f is locally integrable if [, |f(x)|dz is finite whenever
K is compact. If f is locally integrable, define

1
M) =8 B gy 1

Note that without the supremum, we are looking at the average of
|f| over B(z,r). The function M f is called the maximal function

of f.

We now prove a weak 1-1 inequality, due to Hardy and Little-
wood. Tt is so named because M does not map integrable functions
into integrable functions, but comes close in a certain sense to doing
S0.

Theorem 14.2 If f is integrable, then for all B > 0

TM@:Mﬂ@>5D§%;/U@NM~

Proof. Fix fandlet Eg = {z : M f(x) > f}. If x € Eg, then there
exists a ball B, centered at z such that fB$ |f(z)|dx > Bm(By)
by the definition of M f(z). Then

J19]

so {B,} is a cover of Ejg by balls of bounded diameter. Extract
a disjoint sequence By, Bs, ... such that 5™ ), m(By) > m(Ep).

Then
mm§w;mmzﬁgéu

k
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5™ 5"
=5 UkBk|f|</8/f|a

as desired. O

If we look at the function f(x) = xp, where B is the unit ball,
note that M f(z) is approximately a constant times |z|™" for x
large, so M f is not integrable. Hence M does not map the class of
integrable functions into the class of integrable functions.

Theorem 14.3 Let

1
fr(z) = m /B(ar,r) f(y) dy. (14.1)

If f is locally integrable, then f.(z) — f(x) a.e. asr — 0.

Proof. It suffices to prove that for each N, f.(z) — f(z) for
almost every € B(0, N). Let N > 0. We may suppose without
loss of generality that f is 0 outside of B(0,2N), and thus we may
suppose f is integrable.

Fix 8 > 0. Let € > 0. Using Theorem 8.4, take g continuous
with compact support such that [ |f — g|dm < e. If g, is defined
analogously to f, using (14.1),

0@ 91 = [ty o, o) —sG@las] 142
1
< m(B(x,7) /B(x,r) l9(y) — g(x)|dy — 0

as r — 0 by the continuity of g. We have

m:ljgp 1fr(z) = f(2)] < hr:ljgp | fr(x) = gr(2)]
+ limj(l)lp |gr(z) — g(z)|
+ |g(x) — f(2)].

The second term on the right is 0 by (14.2). We now use Theorem
14.2 and Lemma 10.4 to write

m({z: 1iI:lj(l)lp\fr($) — f(@)[>B})
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<m({z: lirflj(t)lp |fr(z) — gr(x)| > B/2})
+m({z: |f(x) —g(z)| > B/2})

<mlf MU - 9)(o) > 5y2p) + L0
< 20D fir-g
- (5”+1

5 )

where we use the definition of the maximal function to see that

[fr(@) = gr(z)| < M(f —g)(2)

for all . This is true for every e, so
m({@ : limsup |f,(z) = g, ()| > B}) = 0.
r—

We apply this with § = 1/j for each positive integer j, and we
conclude

m({z : lirgljélplfr(x) — f(z)| > 0})

< UiZam({o : lmsup |f,(x) — ()| > 1/}) = 0.
T
This is the result we seek. O
We can get a stronger statement:

Theorem 14.4 For almost every x

1

asr — 0.

Proof. For each rational ¢ there exists a set N, of measure 0 such

that
m(B(z,r)) /B(w) If(y) —cldy — | f(z) — |
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for x ¢ N.; we see this by applying Theorem 14.3 to the function
|f(z) — ¢|. Let N = UceqN, and suppose © ¢ N. Let £ > 0 and
choose ¢ rational such that |f(z) — ¢| < e. Then

1
- — d
TG Jo O~ Ty
1
—_— —cld
1
B /BW) |Fe) = eldy

— o [ @)~ eldy+ |f) ~ o

" mB@) Jo@n Y
and hence

timsup — s [ |f) - Sl dy < 2/f(@) -] < 2=
r—0 m(B(a:, 7‘)) B(x,r) B

Since ¢ is arbitrary, our result follows. O

If we apply the above to the function f = xg, then for almost

alz e
1

— xe — 1,
m(B(x,r) /B(;E,r)

m(E N B(z,r))
m(B(z,r))
and similarly, for almost all ¢ F, the ratio tends to 0. The points
where the ratio tends to 1 are called points of density for E.

or

— 1,

14.2 Antiderivatives

For the remainder of the chapter we consider real-valued functions
on the real line R. We can use the results on maximal functions
to show that the derivative of the antiderivative of an integrable
function is the function itself. A ball B(z,h) in R is merely the
interval (x—h,z+h). We use m for Lebesgue measure throughout.

Define the indefinite integral or antiderivative of an integrable
function f by

Plz) = / " r) at.
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Recall by Exercise 7.6 that F' is continuous.

Theorem 14.5 Suppose f : R — R is integrable and a € R. De-

fine )
7) = / £(y) dy

Then F is differentiable almost everywhere and F'(x) = f(x) a.e.

Proof. If h > 0, we have

x+h
F(z+h) - F(z) = / F() dy,

SO

F(Jc—i—h})L—F( h‘/ dy’

x+h
[f(y) = f(z)] dy.

< -

- m(B(x, h)) /z_h
By Theorem 14.4, the right hand side goes to 0 as h — 0 for almost
every x, and we conclude the right hand derivative of F' exists and
equals f for almost every x. The left hand derivative is handled
similarly. O

14.3 Bounded variation

In this section we show that functions of bounded variation are
differentiable almost everywhere. We start with right continuous
increasing functions.

Lemma 14.6 Suppose H : R — R is increasing, right continuous,
and constant for x > 1 and x < 0. Let X be the Lebesgue-Stieltjes
measure defined using the function H and suppose \ and m are
mutually singular. Then

o AB1)
r—0 m(B(:Z? 7’))

)

=0

for almost every x.
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Proof. This is clear if x < 0 or z > 1. Since A L m, there exist
measurable sets E and F such that A(F) = 0, m(E) = 0, and
F =FE° Lete>0.

Step 1. The first step of the proof is to find a bounded open set
G such that F' C G and A(G) < . By the definition of Lebesgue-
Stieltjes measure, there exist a; < b; such that F C U2, (a;, b;]

and
o0

> [H(bi) — H(a)] < &/2.

i=1

Since H is right continuous, for each i there exists b} > b; such that
H(V)) — H(b;) < /2"
If G =52, (a;,b}), then G’ is open, G’ contains F, and

)< M@ ) <0 M@ b)) = Y [H(b) — H(a)] <e.
i=1 i=1 i=1
Since H is constant on (—o0,0] and [1,00), we can take G to be
the set G = G' N (—1,2).
Step 2. If 8 > 0, let

Apg = {xGFﬂ[O,l]:lir?jgprm >6}.

The second step is to show that m(Ag) = 0. If x € Ag, then
x € F C G, and there exists an open ball B, centered at x and
contained in G such that A\(B;)/m(B,) > . Use Proposition 14.1
to find a disjoint subsequence Bj, Bs, ... such that

m(Ag) < 5Zm(B)

Then

m(A5)§5;m( Z/\ % G) <%5.
Since ¢ is arbitrary, and our construction of G did not depend on
B, then m(Ag) = 0.
Since m(A, ;) = 0 for each k, then
m({z € FN|0,1] : limsup A(B(z,r))/m(B(z,r)) > 0}) =0.

r—0
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Since m(E) = 0, this completes the proof. O

Proposition 14.7 Let F : R — R be an increasing and right con-
tinuous function. Then F' exists a.e. Moreover, F' is locally inte-

grable and for every a < b, f; F'(x)dx < F(b) — F(a).

Proof. We will show F is differentiable a.e. on [0, 1]. Once we have
that, the same argument can be used to show that F' is differen-
tiable a.e. on [—N, N] for each N, and that proves that F' is differ-
entiable a.e. on R. If we redefine F' so that F(z) = limy_.o4 F'(y)
if x <0and F(z) = F(1) if x > 1, then F is still right continuous
and increasing, and we have not affected the differentiability of F
on [0, 1] except possibly at the points 0 and 1.

Let v be the Lebesgue-Stieltjes measure defined in terms of F.
By the Lebesgue decomposition theorem, we can write v = A + p,
where A L m and p < m. Note

p([0,1]) < v([0,1]) = F(1) — F(0).

By the Radon-Nikodym theorem there exists a non-negative inte-
grable function f such that p(4) = [ 4 fdm for each measurable
A.

Let
H(z) = M(0,2]) = (0, 2)) — p((0,2]) = F(x)— F(0) / " fw) dy.

By Exercise 7.6, the function z — fow f(y)dy is continuous, so
H is right continuous, increasing, and A\ is the Lebesgue-Stieltjes
measure defined in terms of H. By Lemma 14.6,

H(z+h)— H(z) H(x+h)— H(x —h)

lim sup < lim sup
h—0+ h h—0+ h
M(z—h h
— limsup A& =T+ A
h—0+ h
B(x,2
< 4lim sup w =0
h—0+ 4h

for almost every x. The same is true for the left hand derivative,
so H' exists and equals 0 for almost every . We saw by Theo-
rem 14.5 that the function z — fox f(y) dy is differentiable almost
everywhere, and we conclude that F' is differentiable a.e.
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We have shown that F’ = f a.e. If a < b,

b b
/ F(a) do = / f(2) i = p(a, b)) < v((a,B]) = F(b) — F(a).

This completes the proof. 0

Here is the main theorem on the differentiation of increasing
functions.

Theorem 14.8 If I’ : R — R is increasing, then F’ exists a.e.
and

/ b F'(z)dx < F(b) — F(a) (14.3)

whenever a < b.

Proof. Let G(z) = lim,_,,4+ F(y). Since F is increasing, there are
at most countably many values of x where F' is not continuous, so
F(z) = G(z) a.e. Since G is increasing and right continuous, G is
differentiable a.e. by Proposition 14.7. We will show that if x is a
point where G is differentiable and at the same time F(z) = G(z),
then F’(x) exists and is equal to G'(x).

Let = be such a point, let L = G'(x) and let ¢ > 0. Because F
and G are increasing, for any h > 0 there exists a point xj, strictly
between z + h and x + (1 + £)h where F' and G agree, and so

F(z+h) < F(xp) = G(zp) < Gz + (14 2)h).

Then
limsupF(x +h)— F(x) < limsup G+ (1+¢e)h) — G(x)
h—0+ h h—0+ h

_ . G+ (1+¢e)h) — G(z)
= (L+e)limeup T+
=(1+¢)L.

Similarly, liminf), o4 [F'(z 4+ h) — F(z)]/h > (1 —€)L. Since €
is arbitrary, the right hand derivative of F' exists at  and is equal
to L. That the left hand derivative equals L is proved similarly.
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Since F’' = G’ a.e., then F” is locally integrable. If a < b, take
an | a and b, 1 b such that F' and G agree on a, and b,. Then
using Proposition 14.7,

F(b) 7F(a) Z F(bn) 7F(an)

bn
:/ F'(x)du.

n

Now let n — oo and use the monotone convergence theorem. O

Remark 14.9 Note that if F' is the Cantor-Lebesgue function,
then F'(z) = 0 a.e., in fact at every point of C¢, where C' is the
Cantor set. Thus

1
1=F(1)-F(0) > O:/ F'(z) du,
0
and we do not in general have equality in (14.3).

A real-valued function f is of bounded variation on [a,b] if

sup { i F@d) = flaim)l}

is finite, where the supremum is over all partitions a = zg < 1 <
<o <xp =bof [a,b].

Lemma 14.10 If f is of bounded variation on [a,b], then f can be
written as f = f1 — fo, the difference of two increasing functions
on [a, b].

Proof. Define

and
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where the supremum is over all partitions a = zg < 1 < -+ <
xp =y for y € [a,b]. f1 and fo are measurable since they are both
increasing. Since

k k

D (i) = )™ =D [f(@:) = flei)]™ + f(y) = fla),

i=1 i=1

taking the supremum over all partitions of [a, y] yields

fi(y) = faly) + f(y) — f(a).

Clearly f; and fy are increasing in y, and the result follows by
solving for f(y). =]

Using this lemma and Theorem 14.8, we see that functions of
bounded variation are differentiable a.e. Note that the converse
is not true: the function sin(1/z) defined on (0, 1] is differentiable
everywhere, but is not of bounded variation.

Remark 14.11 If we write a function f of bounded variation as
the difference of two increasing functions f; and fo, then the quan-
tity (f1(b) + f2(b)) — (f1(a) + fo(a)) is called the total variation
of f on the interval [a,b]. We make the observation that if f is of
bounded variation on the interval [a,b] and on the interval [b, c],
then it is of bounded variation on the interval [a, c].

14.4 Absolutely continuous functions

A real-valued function f is absolutely continuous on [a,b] if given &

there exists d such that Zle |f(b;)— f(as;)| < € whenever {(a;, b;)}

is a finite collection of disjoint intervals with Zle |b; — a;| < 6.
It is easy to see that absolutely continuous functions are con-

tinuous and that the Cantor-Lebesgue function is not absolutely
continuous.

Lemma 14.12 If f is absolutely continuous, then it is of bounded
variation.

Proof. By the definition of absolutely continuous function with
€ = 1, there exists 0 such that Zle |f(b;) — f(a;)| < 1 whenever
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Zf 1(b; —a;) < 6 and the (a;, b;) are disjoint open intervals. Hence
the total variation of f on [a+ jd,a+ (j + 1)d] is less than or equal
to 1. Using Remark 14.11, we see the total variation of f on [a, b]
is finite. O

Lemma 14.13 Suppose f is of bounded variation and we decom-
pose f as f = f1 — fo, where f1 and fo are increasing functions. If
f s absolutely continuous, then so are f1 and fs.

Proof. Given ¢ there exists § such that Zle [£(b;) — f(as)] <
¢ whenever Zle(bi —a;) < ¢ and the (a;,b;) are disjoint open
intervals. Partitioning each interval (a;,b;) into subintervals with
a; = S0 < 8§51 < - < 85y, = bi, then

k Ji—1 k
Z Z 51,j+1 — Sij) = Z(bz - ai) S 5
=1 j7=0 i=1
Hence
k J;i—1
Z |f(sig+1) = f(sij) < e
i=1 j=0

Taking the supremum over all such partitions,

k

SOIfr+ £2) (i) = (A + f2)(ai)] <,

i=1

and our conclusion follows. O

Here is the main theorem on absolutely continuous functions.

Theorem 14.14 If I is absolutely continuous, then F' exists a.e.,
and

Proof. By Lemma 14.13 it suffices to suppose F' is increasing and
absolutely continuous. Let v be the Lebesgue-Stieltjes measure de-
fined in terms of F'. Since F is continuous, F(d) — F(c) = v((c, d)).
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Taking a limit as k — oo, we see that given ¢ there exists d such
that > o2, [F(b;) — F(a;)| < e whenever {(a;,b;)} is a collection of
disjoint intervals with Y .2, (b; —a;) < é. Since any open set G can
be written as the union of disjoint intervals {(a;, b;)}, this can be
rephrased as saying, given € there exists § such that

V(@) = v((ai,b) =Y (F(bi) = F(a;)) <e

i=1 =1

whenever G is open and m(G) < §. If m(A) < 6 and A is Borel
measurable, then there exists an open set G' containing A such that
m(G) < §, and then v(A) < v(G) < e. We conclude that v < m.

Hence there exists a non-negative integrable function f such
that

V(A) :/Afdm

for all Borel measurable sets A. In particular, for each = € [a, b],

m@—mwzwmmnz/U@My

By Theorem 14.5, F’ exists and is equal to f a.e. Setting x = b we
obtain

b
F@—ﬂmz/F@My

as desired. O

14.5 Approach 2 — differentiability

In this and the following two sections we give an alternative ap-
proach to Theorems 14.5, 14.8, and 14.14 that avoids the use of
the Radon-Nikodym theorem, and instead proceeds via a covering
lemma due to Vitali.

Let m be Lebesgue measure. Let ¥ C R be a measurable set
and let G be a collection of intervals. We say G is a Vitali cover of
E if for each z € E and each € > 0 there exists an interval G € G
containing x whose length is less than €.

The following is known as the Vitali covering lemma, and is a
refinement of Proposition 14.1.



14.5. APPROACH 2 - DIFFERENTIABILITY 121

Lemma 14.15 Suppose E has finite measure and let G be a Vitali
cover of E. Given e > 0 there exists a finite subcollection of disjoint
intervals I, ..., I, € G such that m(E — U 1,) < e.

Proof. We may replace each interval in G by a closed one, since
the set of endpoints of a finite subcollection will have measure 0.

Let G be an open set of finite measure containing F. Since G is
a Vitali cover, we may suppose without loss of generality that each
set of G is contained in G. Let

ap =sup{m(I): I € G}.
Let I be any element of G with m(I1) > ag/2. Let
a; =sup{m(I) : I € G, I disjoint from I},

and choose I € G disjoint from I such that m(l2) > a;/2. Con-
tinue in this way, choosing I, disjoint from I;,...,I, and in G
with length at least one half as large as any other such interval in
G that is disjoint from I1,...,I,.

If the process stops at some finite stage, we are done. If not, we
generate a sequence of disjoint intervals Iy, I, ... Since they are
disjoint and all contained in G, then > :° m(I;) < m(G) < ooc.
Therefore there exists N such that Y% ., m(I;) < /5.

Let R = E—UY ,I;. We claim m(R) < . Let I be the interval
with the same center as I,, but five times the length. Let x € R.
Since we supposed each interval in G was to be modified so as to
include its endpoints, then Uj_;I; is closed. Hence there exists
an interval I € G containing z with [ disjoint from Iy,...,Iy.
Since >, m(I,) < oo, then )~ a, <23 m(l,) < oo, and a, —
0. Hence I must either be one of the I,, for some n > N or at
least intersect it, for otherwise we would have chosen I at some
stage. Let n be the smallest integer such that I intersects I,,; note
n > N. We have m(I) < ap—1 < 2m(I,). Since z is in I and [
intersects I, the distance from x to the midpoint of I,, is at most
m(I) +m(I,)/2 < (5/2)m(I,). Therefore x € I.

Thus we have R C U2 v, I}, so
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This completes the proof. O

Given a real-valued function f, we define the derivates of f at
x by

D+f(l') = lim sup fla+ h})L - f(x)7
h—0+
D™ f(x) = limsup M’
h—0— h
h)— f(z
D, f(z)= lim inf w
flz+h) — flz)

D@ = Imit ==,

If all the derivates are equal, then f is differentiable at x and f'(z)
is the common value.

Theorem 14.16 Suppose f is increasing on [a,b]. Then f is dif-
ferentiable almost everywhere, [’ is integrable, and

b
/ f(z)dz < £(b) — f(a). (14.4)

Proof. We will show that the set where any two derivates are
unequal has measure zero. Let us consider the set

E ={z: D" f(x) > D_f(x)},
the other sets being similar. Let
Euo={z:D"f(z) >v>u>D_f(x)}.

If we show m(E,,) = 0, then observing that E C Uy<y,uveqPuv
will show that m(E) = 0.

Let s = m(Eyuy), let € > 0, and choose an open set G such
that E,, C G and m(G) < s +¢. For each z € E,, there exists
an arbitrarily small interval [z — h,z] contained in G such that
f(z) — f(x — h) < wh. Use Lemma 14.15 to choose I,..., Iy
which are disjoint and whose interiors cover a subset A of F,, of
measure greater than s — e. Write I, = [x,, — hp, 2,]. Thus

A= Euy N (M) (@0 =y ).
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Taking a sum,

N

ST @n) = Flan —ha)l <ud hy < wm(G) < uls +e).

n=1 n=1

Each point y in the subset A is the left endpoint of an arbitrarily
small interval (y,y -+ k) that is contained in some I,, and for which
fly+ k) — f(y) > vk. Using Lemma 14.15 again, we pick out a
finite collection Ji, ..., Jy; whose union contains a subset of A of
measure larger than s — 2e. Summing over these intervals yields

M M

S i+ k) — Fl)] > 0> ki > o(s - 22).

i=1 i=1

Each interval J; is contained in some interval I,,, and if we sum
over those ¢ for which J; C I,, we find

S flyi+ k) = Fl < f@n) = f(2n — hn),

since f is increasing. Thus

}:U@M—f@w—MHZ§:m@+%ﬂ—ﬂw%

and so u(s 4+ €) > v(s — 2¢). This is true for each ¢, so us > vs.
Since v > wu, this implies s = 0.

We prove similarly that DT f = D, f a.e. and D™ f = D_f a.e.
and conclude that

o(a) = i LT =S

is defined almost everywhere and that f is differentiable wherever
g is finite.

Define f(z) = f(b) if x > b. Let

gn(x) = n[f(z+1/n) = f(z)].

Then g, (x) — g(z) for almost all z, and so ¢ is measurable. Since
f is increasing, g, > 0. By Fatou’s lemma and the fact that f is
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increasing,

/abg glin%inf/abgn
zliminfn/b[ flz+1/n)— f(z)]
_hmmf[ /b-‘rl/n n/aa+1/n f]

= hmlnf [f /‘”1/” f}
< f(0) = f(a).

We used a change of variables in the second equality. This shows
that g is integrable and hence finite almost everywhere. O

We refer the reader to Lemma 14.10 to see that a function of
bounded variation is differentiable almost everywhere.

14.6 Approach 2 — antiderivatives

Continuing the alternative approach, we look at when the deriva-

tive of
m):/ f(t)dt (14.5)

is equal to f(z) a.e

Theorem 14.17 If f is integrable and F is defined by (14.5), then
F'(z) = f(x) for almost every x.

Proof. By writing f = fT — f~, it suffices to consider the case
where f is non-negative. In this case F is increasing, and so F”
exists a.e. By Exercise 7.6 we know F' is continuous.

Suppose for the moment that f is bounded by K. Then

et = Fe) ), | o a
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is also bounded by K. By dominated convergence,
c c
/ F'(z)dz = limn/ [F(x+1/n) — F(x)]dz
c+1/n a+tc
= lim {n/ F(z)dx—n/ F(a:)da:}
— F(e) - Fla) = / (@) da.

We used a change of variables for the second equality and the fact
that F' is continuous for the third equality. Therefore

[ 1@ - =0

for all ¢, which implies F’ = f a.e. by Corollary 8.3.

We continue to assume f is non-negative but now allow f to be
unbounded. Since f — (f A K) > 0, then

Gx(af)=/m[f—(fAK)]dx

is increasing, and hence has a derivative almost everywhere. More-
over,

Gl () = lim Gg(x+1/n) — Gk (x)

>0
n— 00 1/n

at points z where G’ exists since G is increasing. By the preceding
paragraph, we know the derivative of

Hi(z) = / (f A K) da
is equal to f A K almost everywhere. Therefore
F'(z) = Gx(z) + Hi(z) > (f A K)(2), a.e.

Since K is arbitrary, F’ > f a.e., and so

/abF’Z/abe(b)F(a).

Combining with (14.4) we conclude that f:[F’ — f] = 0. Since
F' — f >0 a.e., this tells us that F' = f a.e. =]
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14.7 Approach 2 — absolute continuity

Flnally, we continue the alternative approach to look at when
f F'(y)dy = F(b) — F(a).

We refer the reader to Lemma 14.12 for the proof that if f is
absolutely continuous, then it is of bounded variation.

Lemma 14.18 If f is absolutely continuous on [a,b] and f'(x) =0
a.e., then f is constant.

The Cantor-Lebesgue function is an example to show that we
need the absolute continuity.

Proof. Let ¢ € [a,b], let E = {x € [a,c] : f'(x) = 0}, and let
e > 0. Choose ¢ such that Zfil |f(b;) — f(ai)] < & whenever
Zf{zl |b; — a;] < 6 and the (a;,b;) are disjoint intervals. For each
point € EN[a, c) there exist arbitrarily small intervals [z, z+h] C
[a,c] such that |f(x + h) — f(z)] < eh. By Lemma 14.15 we can
find a finite disjoint collection of such intervals that cover all of
E except for a set of measure less than §. We label the intervals
[a;, b;] so that a; < b; < a;+1. Except for a set of measure less
than 6, E is covered by U;(a;,b;). This implies that U;(b;, a;y1)
has measure less than 0, or ), |a;+1 — b;| < 6. By our choice of ¢
and the definition of absolute continuity,

3 If(air) - f(b)] <.

%

On the other hand, by our choice of the intervals (a;, b;),
Z|f al|<EZb—al <e(c—a).

Adding these two inequalities together,

7€) = @] = | Yo (asa) — (b)) + Sure

<e+e(c—a).

Since ¢ is arbitrary, then f(c) = f(a), which implies that f is
constant. 0
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Theorem 14.19 If I is absolutely continuous, then

Proof. Suppose F is absolutely continuous on [a,b]. Then F is of
bounded variation, so F' = Fj — F5 where F; and F5 are increasing,
and F’ exists a.e. Since |F'(z)| < F{(z) + F5(x), then

/ F'(2)|d < (F1(b) + Fa(b)) — (Fi(a) — Fa(a)),
and hence F” is integrable. If
Glz) = / P dt,
then G is absolutely continuous by Exercise 14.2, and hence F — G
is absolutely continuous. Then (F —G) =F -G =F —F' =0
a.e., using Theorem 14.17 for the second equality. By Lemma 14.18,

F — G is constant, and thus F(z) — G(z) = F(a) — G(a). We
conclude

Fz) = /I F'(t)dt + F(a).

If we set x = b, we get our result. O

14.8 Exercises

Exercise 14.1 (1) Show that if f and g are absolutely continuous
on an interval [a, ], then the product fg is also.
(2) Prove the integration by parts formula:

b b
1B)g(b) — F(a)gla) = / f(2)g/ () da + / f(@)g() de.

Exercise 14.2 If f is integrable and real-valued, a € R, and

F(z) Z/zf(y)du

prove that F' is of bounded variation and is absolutely continuous.
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Exercise 14.3 Suppose that f is a real-valued continuous function
on [0,1] and that ¢ > 0. Prove that there exists a continuous
function ¢ such that ¢’(z) exists and equals 0 for a.e. x and

sup |f(z) — g(z)| <e.
z€]0,1]

Exercise 14.4 Suppose f is a real-valued continuous function on
[0,1] and f is absolutely continuous on (a, 1] for every a € (0,1). Is
f necessarily absolutely continuous on [0, 1]7 If f is also of bounded
variation on [0, 1], is f absolutely continuous on [0, 1]? If not, give
counterexamples.

Exercise 14.5 A real-valued function f is Lipschitz with constant
M if

|f(z) = f(y)] < Mz —y|
for all z,y € R. Prove that f is Lipschitz with constant M if and
only if f is absolutely continuous and |f/| < M a.e.

Exercise 14.6 Suppose F), is a sequence of increasing non-nega-
tive right continuous functions on [0, 1] such that sup,, F,,(1) < oco.
Let F =) | F,. Prove that

Fl(z) =Y F(x)
n=1
for almost every .

Exercise 14.7 Suppose f is absolutely continuous on [0,1] and
for A C [0,1] we let f(A) = {f(z) : = € A}. Prove that if A has
Lebesgue measure 0, then f(A) has Lebesgue measure 0.

Exercise 14.8 If f is real-valued and differentiable at each point
of [0,1], is f necessarily absolutely continuous on [0, 1]? If not, find
a counterexample.

Exercise 14.9 Find an increasing function f such that f' = 0 a.e.
but f is not constant on any open interval.

Exercise 14.10 If f : [a,b] — R is continuous, let M (y) be the
number of points z in [a,b] such that f(z) = y. M(y) may be
finite or infinite. Prove that M is Borel measurable and [ M (y) dy
equals the total variation of f on [a, b].
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Exercise 14.11 Let a € (0,1). Find a Borel subset E of [—1,1]
such that 5

L omEA[rr)

r—0+ 2r

Exercise 14.12 Suppose f is a real-valued continuous function
on [a, b] and the derivate DT f is non-negative on [a, b]. Prove that

f(b) > f(a). What if instead we have that D, f is non-negative on
[a, b]?

Exercise 14.13 Let

oo e—;z;y2 d
0= [ et
(1) Find the derivative of f.
(2) Find an ordinary differential equation that f solves. Find the
solution to this ordinary differential equation to determine an ex-
plicit value for f(z).

Exercise 14.14 Let (X, A, 1) be a measure space and let f be a
real-valued integrable function. Define

o(x) = / 1F @) — 2] p(dy)

for x € R.

(1) Prove that g is absolutely continuous.

(2) Prove that lim,; o g(z) = oo and lim,, . g(z) = oco.

(3) Find ¢'(z) and prove that g(z¢) = inf,eg g(x) if and only if

p{y = fy) > wo}) = p{y : fy) < zo}).

Exercise 14.15 Suppose A C [0, 1] has Lebesgue measure zero.
Find an increasing function f : [0,1] — R that is absolutely con-

tinuous, but
A G ) B CO
h—0 h

for each x € A.

Exercise 14.16 Suppose that p is a measure on the Borel o-
algebra on [0, 1] and for every f that is real-valued and continuously
differentiable we have

| [ £@ utin)| < (/Olf(x)Qda:)l/2.
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(1) Show that u is absolutely continuous with respect to Lebesgue
measure on [0, 1].
(2) If g is the Radon-Nikodym derivative of u with respect to
Lebesgue measure, prove that there exists a constant ¢ > 0 such
that

l9(x) —g(y)| < cle —y|'?, z,y€[0,1].

Exercise 14.17 Let p > 1 and f,g € LP(R). Define

10 = [~ 15+ tg(@)P da

—00

for t € R. Prove that H is a differentiable function and find its
derivative.



Chapter 15
LP spaces

We introduce some spaces of functions, called the LP spaces. We
define the LP norm of a function, prove completeness of the norm,
discuss convolutions, and consider the bounded linear functionals
on LP. We assume throughout this chapter that the measure p is
o-finite.

15.1 Norms

Let (X, A, 1) be a o-finite measure space. For 1 < p < oo, define
the LP norm of f by

1/
191 = ([ 1 dn) ™ (151
For p = 0o, define the L*° norm of f by
[flloo = mnf{M : p({z : [f(x)] = M}) = 0}. (15.2)

Thus the L*> norm of a function f is the smallest number M such
that |f| < M a.e.

For 1 < p < oo the space L? is the set {f : ||f|l, < co}. One
can also write LP(X) or LP(u) if one wants to emphasize the space
or the measure. It is clear that || f||, = 0 if and only if f =0 a.e.

If 1 < p < 00, we define g by
1 1
Z4Z=1
p q

131
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and call ¢ the conjugate exponent of p.

Basic to the study of LP spaces is Holder’s inequality. Note that
when p = ¢ = 2, this is the Cauchy-Schwarz inequality.

Proposition 15.1 (Holder’s inequality) If 1 < p,q < oo and
p~t4+q =1, then

/ Faldi < 11Nl

This also holds if p= o0 and g = 1.

Proof. If M = || f||s, then |f| < M a.e. and [ fg < M [|g|. The
case p = oo and ¢ = 1 follows.

Now let us assume 1 < p,q < oo. If ||f|l, =0, then f =0 a.e.
and [|fg| = 0, so the result is clear if || f||, = 0 and similarly if

lglly = 0. Let F(z) = [f(z)|/[|fll, and G(z) = [g(x)]/|gll- Note
|F|l, =1 and |G|, = 1, and it suffices to show that [ FGdu < 1.

The second derivative of the function e® is again e®, which is
everywhere positive. Any function whose second derivative is ev-
erywhere non-negative is convex, so if 0 < A < 1, we have

=N < Nt 4 (1 — N)eb (15.3)

for every pair of reals a < b. If F(z),G(x) # 0, let a = plog F(z),
b= qlogG(z), A =1/p, and 1 — A = 1/q. We then obtain from
(15.3) that

Fx)G(z) <

Clearly this inequality also holds if F'(z) = 0 or G(z) = 0. Inte-
grating,
1l Gl 1 1

/FGdug S+-=1
p q P oq

This completes the proof. O

One application of Holder’s inequality is to prove Minkowski’s
inequality, which is simply the triangle inequality for LP.

We first need the following lemma:
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Lemma 15.2 Ifa,b> 0 and 1 < p < oo, then
(a+b)P < 2P 1gP 4 2P~ 1pP,
Proof. The case a = 0 is obvious, so we assume ¢ > 0. Dividing
both sides by a?, letting x = b/a, and setting
fla) =2t 2l — (10,

the inequality we want to prove is equivalent to showing f(z) > 0
for x > 0. Note f(0) > 0, f(1) = 0, limz_, o f(z) = oo, and the
only solution to f'(z) =0 on (0,00) is z = 1. We conclude that f
takes its minimum at = 1 and hence f(x) > 0 for z > 0. O

Proposition 15.3 (Minkowski’s inequality) If 1 < p < oo, then
If +gllp < 1f1lp + llgllp-

Proof. Since |(f + g)(x)| < |f(x)| + |g(x)]|, integrating gives the

case when p = 1. The case p = oo is also easy. Now let us suppose

1 <p<oo If|fll, or |lgllp is infinite, the result is obvious, so

we may assume both are finite. The inequality Lemma 15.2 with
a =|f(x)] and b = |g(z)| yields, after an integration,

/ (F +9)(@) P dy < 207 / @) Pyt 20 / lg(@)IP d.

We therefore have || f+g¢||, < co. Clearly we may assume || f+gl|, >
0.

Now write

\f+alP <IfIIf+glP "t + gl 1f +g/P!

and apply Holder’s inequality with ¢ = (1 — %)’1. We obtain

Jisae < s ( [ 1501770 gl [1+910-00) ",

Since p~t + ¢! =1, then (p — 1)g = p, so we have

1+ glz < (151 + gl )17 + g2/,
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Dividing both sides by ||f+g||§/q and using the fact that p—(p/q) =
1 gives us our result. O

Recall the definition of normed linear space from Chapter 1.
We would like to say that by virtue of Minkowski’s inequality, LP
is a normed linear space. This is not quite right. The L? norm of a
function satisfies all the properties of a norm except that || f||, =0
does not imply that f is the zero function, only that f = 0 a.e.
The procedure we follow to circumvent this is to say two functions
are equivalent if they differ on a set of measure 0. This is an
equivalence relation for functions. We then define the space L? to
be the set of equivalence classes with respect to this equivalence
relation, and define || f||, to be the LP norm of any function in the
same equivalence class as f. We then have that || - ||, is a norm on
LP. We henceforth keep this interpretation in the back of our minds
when we talk about a function being in LP; the understanding is
that we identify functions that are equal a.e.

Recall Definition 10.1: f,, converges to f in L? if || f, — f]l, = 0
asn — 0o. In terms of LP norms, this is equivalent to || fo—f||5 — 0
as n — oo.

Related to the definition of L*° is the following terminology.
Given a real-valued measurable function f, the essential supremum
and essential infimum are defined by

ess sup f =inf{M : p({z: f(z) > M}) =0}

and
ess inf f = sup{m : p({z : f(x) < m})=0}.

15.2 Completeness

We show that the space LP viewed as a metric space is complete.

Theorem 15.4 If1 < p < oo, then LP is complete.

Proof. We will do only the case p < co and leave the case p = o
as Exercise 15.1.

Step 1. Suppose f, is a Cauchy sequence in LP. Our first step is
to find a certain subsequence. Given ¢ = 2-U+1 there exists n;
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such that if n,m > nj, then || f, — fmll, < 27UTY. Without loss
of generality we may assume n; > n;j_; for each j.

Step 2. Set ng = 0 and define fj to be identically 0. Our candidate
for the limit function will be 3 [fn; — fn;_,]. In this step we show
absolute convergence of this series. If

Aj =A@ | fo, (@) = fuy ()] > 27972},

then from Lemma 10.4, u(A;) < 27/7/2, We have

o0

(N5 Up—y Am) = lim p(Up_;Am) < lim ZM(Am)zo.

Jj—o0 j—o0 .
m=j

Thus, except for a set of measure 0, for each x there exists a j
(dependmg on z) such that z ¢ UY_; A, Hence for each z (except
for those in the null set) there is a ]0 (dependlng on z) such that
lf] > jOa then |fn7 (ZL’) - f77,_7~_1(x)| < 27]"

Set _
J
=D fan @) = frs (@)].
m=1

gj(z) increases in j for each x. The limit is finite for almost every
x because for almost every z, |fn, (x) — fn, _,(z)] < 27™ for m
large (how large depends on ).

Step 3. We define our function f. Set

= fu (@) = frpy (2)].
m=1

We showed in Step 2 that this series is absolutely convergent for
almost every x, so f is well defined for a.e. z. Set f(x) = 0 for any
x where absolute convergence does not hold. We have

K
flo) = Jim > [fo, (@) = fa, (@)] = lim_fo,(2)
m=1

since we have a telescoping series. By Fatou’s lemma,

£ = Fully = [17 = £, <timint [ 1 = £,

— Tim —j+1
= lminf [|fo,c — fo, I} < 207407,
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Step 4. We have thus shown that [|f — f,, ||, — 0 as j — co. It is
standard that a Cauchy sequence with a convergent subsequence
itself converges. Here is the proof in our case. Given € > 0, there
exists N such that ||f, — fmllp < € if m,n > N. In particular,
| fn; = fimllp < €if j is large enough. By Fatou’s lemma,

If = fll2 < liminf || fo, — full2 < eP
J—00

if m > N. This shows that f,, converges to f in LP norm. O

Next we show:

Proposition 15.5 The set of continuous functions with compact
support is dense in LP(R).

Proof. Suppose f € LP. We have [ |f — fx[—nn? = 0asn — oo
by dominated convergence, the dominating function being |f|P.
Hence it suffices to approximate functions in LP that have compact
support. By writing f = fT — f~ we may suppose f > 0. Consider
simple functions s,, increasing to f; then we have [ |f — s,,|P — 0
by dominated convergence, so it suffices to approximate simple
functions with compact support. By linearity, it suffices to approx-
imate characteristic functions with compact support. Given F, a
Borel measurable set contained in a bounded interval, and ¢ > 0,
we showed in Proposition 8.4 that there exists g continuous with
compact support and with values in [0, 1] such that [ |g— x| < e.
Since |g — xg| <1, then [|g— xe/” < [|g — xg| < e. This com-
pletes the proof. O

The same proof shows the following corollary.

Corollary 15.6 The set of continuous functions on [a, b] are dense
in the space L?([a,b]) with respect to L?([a,b]) norm.

15.3 Convolutions

The convolution of two measurable functions f and g is defined by

£r9@) = [ fe =gty
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provided the integral exists. By a change of variables, this is the
same as [ f(y)g(x —y)dy, so fxg=gx f.

Proposition 15.7 If f,g € L', then f x g is in L' and
If = glly < [Ifllullgl- (15.4)

Proof. We have

/ f * gla) de < / / (@ — )l l9()] dy do. (15.5)

Since the integrand on the right is non-negative, we can apply the
Fubini theorem to see that the right hand side is equal to

/ / (@ — )] de |g(y)] dy = / / F@)dzlg(y)dy  (15.6)
= 1l llgll.

The first equality here follows by a change of variables (see Exercise
8.1). This together with (15.5) proves (15.4). From (15.4) we
conclude that f g is finite a.e. O

15.4 Bounded linear functionals

A linear functional on LP is a map H from LP to R satisfying

H(f+9)=H(f)+ H(9),  H(af)=aH(f)

whenever f,g € LP and a € R. (One can also have complex-valued
linear functionals, but we do not consider them in this section. See,
however, Exercise 15.28.) H is a bounded linear functional if

[H| = sup{[H f] : [|f]l, <1} (15.7)

is finite. The dual space of L? is the collection of all bounded linear
functionals with norm given by (15.7). Our goal in this section is
to identify the dual of LP.

We define the signum function or sign function by
-1, z<0;
sgn(z) =40, x=0;
1, x> 0.
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Note zsgn (z) = |z|.

The following is very useful.
Theorem 15.8 For 1 <p<oo andp~ ! +q ' =1,

171 =sup{ [ sgdu: gl < 1}. (15.9)

When p =1, (15.8) holds if we take ¢ = oo, and if p = oo, (15.8)
holds if we take g = 1.

Proof. The right hand side of (15.8) is less than the left hand
side by Holder’s inequality. Thus we need only show that the right
hand side is greater than the left hand side.

Case 1: p=1. Take g(z) = sgn f(x). Then g is bounded by 1 and
fg =|f|. This takes care of the case p = 1.

Case 2: p = oco. If ||f|lec = 0, the result is trivial, so suppose
[I/llooc > 0. Since p is o-finite, there exist sets F,, increasing up to
X such that u(F,) < oo for each n. If M = ||f|lco, let a be any
finite real less than M. By the definition of L* norm, the measure
of A, = {z € F, : |f(x)| > a} must be positive if n is sufficiently
large. Let
() = B f@)xa, ()
p(An)

Then the L' norm of g,, is 1 and [ fg, = fAﬂ |f1/p(Ay) > a. Since
a is arbitrary, the supremum on the right hand side of (15.8) must
be M.

Case 3: 1 < p < oo. We may suppose ||f|l, > 0. Let F, be
measurable sets of finite measure increasing to X, ¢, a sequence of
non-negative simple functions increasing to f*, r, a sequence of
non-negative simple functions increasing to f~, and

sn(2) = (qn () = rn(2))xF, (7).

Then s, (z) — f(x) for each z, |s,(x)| increases to |f(z)| for each
x, each s, is a simple function, and [|s,||, < oo for each n. Then
[Isnllp = |Ifllp by monotone convergence, whether or not | f||, is
finite. For n sufficiently large, ||s,||, > 0.

Let
|sn ()P~

(e

gn(x) = (sgn f(2))
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gn is again a simple function. Since (p — 1)g = p, then

(f|5n‘(p—1)q)1/q 5 ||P/q B

(e

||gan = |p/q

[[n]

On the other hand, since |f| > |s,],

[ f9.- LW lsnl? o Jhoal” o y=toro),

IsalB/d || oI5/

Since p — (p/q) = 1, then [ fg, > ||sn|lp, which tends to || f]|,.
This proves the right hand side of (15.8) is at least as large as the
left hand side. O

The proof of Theorem 15.8 also establishes

Corollary 15.9 For 1 <p<oo andp ' +q¢ ' =1,

I£1s =su{ [ 9+ gl < 1. simple}.

Proposition 15.10 Suppose 1 < p < oo, p~' + ¢! = 1, and
g € L1. If we define H(f) = [ fg for f € LP, then H is a bounded
linear functional on LP and || H|| = ||g||4-

Proof. The linearity is obvious. That |H| < ||g||, follows by
Hoélder’s inequality. Using Theorem 15.8 and writing

= s (1) = s | [ o] = s [ o= Lol
llfllp<1 I £1lp <1

completes the proof. 0

Theorem 15.11 Suppose 1 < p < oo, p~ L 4+¢ ' =1, and H is
a real-valued bounded linear functional on LP. Then there exists
g € L9 such that H(f) = [ fg and |gllq = || H]|-

This theorem together with Proposition 15.10 allows us to iden-
tify the dual space of LP with L.
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Proof. Suppose we are given a bounded linear functional H on
LP. First suppose u(X) < oo. Define v(A) = H(xa). We will
show that v is a measure, that ¥ < p and that ¢ = dv/du is the
function we seek.

If A and B are disjoint, then

v(AUB) = H(xaus) = H(xa + xB)
= H(xa) + H(xp) = v(A) + v(B).

To show v is countably additive, it suffices to show that if A, 1 A,
then v(A,) — v(A), and then use Exercise 3.1. But if 4,, 1 A,
then x4, — xa in LP, and so v(A,,) = H(xa, ) = H(xa) = v(A);
we use here the fact that u(X) < co. We conclude that v is a
countably additive signed measure. Moreover, if u(A) = 0, then
xa =0 a.e., hence v(A) = H(xa) = 0. Using Exercise 13.1, which
is the Radon-Nikodym theorem for signed measures, we see there
exists a real-valued integrable function g such that v(A) = [, g for
all sets A.

If s =), a;xa, is a simple function, by linearity we have

H(S) _ ZazH(XA1> — ZaiV(Ai) = Zai/gXAi = /gS

(15.9)
By Corollary 15.9 and (15.9),

lalls = sup{ [ g5 1], < 1.5 simple}
= sup{H(s) sl < 1,5 simple} < |1 ]|

If s,, are simple functions tending to f in LP (see Exercise 15.2),
then H(s,) — H(f), while by Holder’s inequality

| [sng= [ 1] =| [0~ D] < 15w = Flulllly =

so [sng — [ fg. We thus have H(f) = [ fg for all f € LP, and
lglly < [[H[|. By Holder’s inequality, [H| < [|lg]l4-

In the case where p is o-finite, but not necessarily finite, let
F, 1 X so that u(F,) < oo for each n. Define functionals H,, by
H,(f) = H(fxr,). Clearly each H,, is a bounded linear functional
on LP. Applying the above argument, we see there exist g, such
that H,(f) = [ fgn and ||gnllq = ||Hn| < [|H||. It is easy to see
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that g, is 0 if ¢ F,,. Moreover, by the uniqueness part of the
Radon-Nikodym theorem, if n > m, then g, = ¢,, on F,,. Define
g by setting g(z) = gn(z) if x € F,. Then g is well defined. By
Fatou’s lemma, ¢ is in L? with a norm bounded by |H|. Note
fxr, — fin L? by dominated convergence. Since H is a bounded
linear functional on LP, we have H, (f) = H(fxr,) = H(f). On

the other hand
Hn(f)=/angn=/ang—>/fg

by dominated convergence. Thus H(f) = [ fg. Again by Holder’s
inequality || H|| < ||gll4- =]

15.5 Exercises
Exercise 15.1 Show that L is complete.

Exercise 15.2 Prove that the collection of simple functions is
dense in LP.

Exercise 15.3 Prove the equality
[1s@Pde= [ o tmio s 5@ = 0 d
0
for p > 1.

Exercise 15.4 Cousider the measure space ([0, 1], B, m), where B
is the Borel o-algebra and m is Lebesgue measure, and suppose f
is a measurable function. Prove that || f|l, = ||f]lc as p — oc.

Exercise 15.5 When does equality hold in Hélder’s inequality?
When does equality hold in the Minkowski inequality?

Exercise 15.6 Give an example to show that LP ¢ L7 in general
if 1 < p < q< oco. Give an example to show that LY ¢ LP in
general if 1 < p < ¢ < c0.
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Exercise 15.7 Define

gn(z) = nX[0,n-3] (z).
(1) Show that if f € L?([0,1]), then

/0 F(@)gn() dz — 0

as n — 0o.
(2) Show that there exists f € L([0, 1]) such that fol f(x)gn(x) dx

0.

Exercise 15.8 Suppose p is a finite measure on the Borel subsets
of R such that

f@) = [ farutd, .

whenever f is real-valued, bounded, and integrable. Prove that

n({0}) = L.

Exercise 15.9 Suppose p is a measure with y(X) =1and f € L"
for some r > 0, where we define L" for r < 1 exactly as in (15.1).
Prove that

tim 1, = exp ([ g 1),

where we use the convention that exp(—oo0) = 0.

Exercise 15.10 Suppose 1 < p < oo and ¢ is the conjugate expo-
nent to p. Suppose f, — f a.e. and sup,, || fn|lp < co. Prove that

if g € LY, then
lim fng = /fg
n—oo

Does this extend to the case where p =1 and ¢ = oo? If not, give
a counterexample.

Exercise 15.11 If f € L'(R) and g € LP(R) for some p € [1, 00),
prove that

1 gllp < [1F 11 llgllp-

Exercise 15.12 Suppose p € (1,00) and ¢ is its conjugate expo-
nent. Prove that if f € L?(R) and g € L4(R), then fxg is uniformly
continuous and f * g(z) — 0 as x — oo and as © — —o0.



15.5. EXERCISES 143

Exercise 15.13 Show that if f and g are continuous with compact
support, then f x g is continuous with compact support.

Exercise 15.14 Suppose f € L®(R), fn(z) = f(z + h), and
tim [ — £l = 0.

Prove that there exists a uniformly continuous function g on R such
that f =g a.e.

Exercise 15.15 Let p € [1,00). Prove that f € LP(u) if and only
if

Y@ u{z: | f(@)] > 2"}) < oo

n=1

Exercise 15.16 Suppose x(X) =1 and f and g are non-negative
functions such that fg > 1 a.e. Prove that

(/fdu)(/gdu) > 1.

Exercise 15.17 Suppose f : [1,00) = R, f(1) =0, f’ exists and is
continuous and bounded, and f’ € L?([1,00)). Let g(x) = f(z)/x.
Show g € L?([1,00)).

Exercise 15.18 Find an example of a measurable f : [1,00) — R
such that f(1) =0, f’ exists and is continuous and bounded, f’' €
L'([1,00)), but the function g(z) = f(z)/x is not in L!.

Exercise 15.19 Prove the generalized Minkowski inequality: If
(X, A, p) and (Y, B,v) are measure spaces, f is measurable with
respect to A x B, and 1 < p < oo, then

(] ([ emivan)” uao)”

< [ (f s uta)” vidy),

Does this extend to the cases where p = 1 or p = co? If not, give
counterexamples.

IfY = {1,2}, v(dy) = 61(dy)+2(dy), where §; and d are point

masses at 1 and 2, resp. and we let g1 (z) = f(x,1), g2(z) = f(z,2),
we recover the usual Minkowski inequality, Proposition 15.3.



144 CHAPTER 15. L SPACES

Exercise 15.20 Let o € (0,1) and K(z) = |z|~ for # € R. Note
that K is not in L? for any p > 1. Prove that if f is non-negative,
real-valued, and integrable on R and

@) = [ fa = DK (0)dt,
then g is finite a.e.

Exercise 15.21 Suppose p > 1 and ¢ is its conjugate exponent,
f is an absolutely continuous function on [0, 1] with f’ € LP, and
f(0) = 0. Prove that if g € L2, then

1
1\1/p
de < (= ! .
| 1satde < ()17 10l

Exercise 15.22 Suppose f : R — R is in LP for some p > 1 and
also in L!. Prove there exist constants ¢ > 0 and a € (0,1) such
that

/uuwmsﬂmma
A

for every Borel measurable set A C R, where m is Lebesgue mea-
sure.

Exercise 15.23 Suppose f : R — R is integrable and there exist
constants ¢ > 0 and « € (0,1) such that

/u@wMSmmma
A

for every Borel measurable set A C R, where m is Lebesgue mea-
sure. Prove there exists p > 1 such that f € LP.

Exercise 15.24 Suppose 1 <p < o0, f:(0,00) = R, and f € LP
with respect to Lebesgue measure. Define

o) = [

Prove that »
lglly < plepr’

This is known as Hardy’s inequality.
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Exercise 15.25 Suppose (X, A, 1) is a measure space and suppose
K : X x X — R is measurable with respect to A x A. Suppose
there exists M < oo such that

[ Gl ntay) < v
X

for each z and
[ VGl uto) < 21

for each y. If f is measurable and real-valued, define

Tf(x) = /X K(2,9)f () u(dy)

if the integral exists.
(1) Show that [|T'f]l1 < M| f]1-
(2) If 1 < p < o0, show that ||Tf]l, < M| fll,.

Exercise 15.26 Suppose A and B are two Borel measurable sub-
sets of R with finite strictly positive Lebesgue measure. Show that
X A*XB IS a continuous non-negative function that is not identically
equal to 0.

Exercise 15.27 Suppose A and B are two Borel measurable sub-
sets of R with strictly positive Lebesgue measure. Show that

C={z+y:x€Aye B}

contains a non-empty open interval.

Exercise 15.28 Suppose 1 < p < oo and q is the conjugate ex-
ponent of p. Prove that if H is a bounded complex-valued lin-
ear functional on LP, then there exists a complex-valued measur-
able function g € L7 such that H(f) = [ fg for all f € LP and

I = llgllq-
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Chapter 16

Fourier transforms

Fourier transforms give a representation of a function in terms of
frequencies. There is a great deal known about them and their
applications. We give an introduction here.

16.1 Basic properties

If fis a complex-valued function and f € L'(R"), define the
Fourier transform f to be the function with domain R™ and range
C given by

f(u) = / e f(x) du, u € R™ (16.1)

We are using u - x for the standard inner product in R™. Various
books have slightly different definitions. Some put a negative sign
and/or 27 before the iu - z, some have a (27r)~" or a (27)~1/2 in
front of the integral. The basic theory is the same in any case.

Some basic properties of the Fourier transform are given by

Proposition 16.1 Suppose f and g are in L'. Then
(1) f is bounded and continuous;

(2) (F + 9)(w) = Flu) +§(u);

(3) ()W) = af(u) if a € C; i o
(4) if a € R™ and fu(x) = f(z + a), then fo(u) =e ™ f(u);

147
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o~

(5) if a € R™ and ga(x) = 6*7g(x), then Gu(u) = Fu+ a);
(6) if a is a nonzero real number and hy(x) = f(ax), then hq(u) =

~

a~"f(u/a).
Proof. (1) £ is bounded because f € L' and lef*®| = 1. We have

Flus )= flu) = [ (0 = cvw) (o) o

Then

~

Flus b= Fa)l < [ letv=]- e = 1] 7 (o)] da
The integrand is bounded by 2|f(x)|, which is integrable, and

eh* —1 — 0 as h — 0. Thus the continuity follows by domi-
nated convergence.

(2) and (3) are easy by a change of variables. (4) holds because

Falu) = / ¢ [z + a) dir = / e @) f(2) di = ¢ flu)

by a change of variables. For (5),

~

Galu) = / ¢Tei T f(z) do = / 0 f () do = flu+ a).
Finally for (6), by a change of variables,
haw) = [ v fa)de = a [0 fg)ay
—a [y dy =0 flu/a),

as required. O

One reason for the usefulness of Fourier transforms is that they
relate derivatives and multiplication.

Proposition 16.2 Suppose f € L' and x; f(x) € L', where x; is
the j*" coordinate of x. Then

of

au; (u) = i/ei“'zxjf(x) dzx.
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Proof. Let e; be the unit vector in the jth direction. Then

-~ -~

flu+ he}i) —flu) _ %/ (ei(u-l-hej)w _ eiuw)f(x) de

= /ei"'m<em;_ 1>f(x) dz.

1, .
[5 (e =1)[ <l

and z; f(z) € L', the right hand side converges to [ €™ ®iz; f(z) dx
by dominated convergence. Therefore the left hand side converges.
Of course, the limit of the left hand side is 0 f/0u;. O

Since

Proposition 16.3 Suppose f : R — R is integrable, f is absolutely
continuous, and f' is integrable. Then the Fourier transform of f'

is —iuf(u).
The higher dimensional version of this is left as Exercise 16.4.

Proof. Since f’ is integrable,

If(y) — f(z)] < /y\f’(z)|dz—>0

as x,y — oo by dominated convergence. This implies that f(y,,) is
a Cauchy sequence whenever y, — oo, and we conclude that f(y)
converges as y — 0o0. Since f is integrable, the only possible value
for the limit is 0. The same is true for the limit as y — —oo.

By integration by parts (use Exercise 14.1 and a limit argu-
ment),

f(u) = /_00 e f(x) do = — /_ij iue™® f(x) dx

~

as desired. O

Recall the definition of convolution given in Section 15.3. Recall
also (15.6), which says that

[ 11 -ulswldzdy =slhlal. (o2)
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Proposition 16.4 If f,g € L', then the Fourier transform of f*g

is f(u)g(u).

Proof. We have

/ /fa:— y) dy dx
://QWIWVm—yn”w@nm@

— [ Fwergt) dy = Fuygto).
We applied the Fubini theorem in the second equality; this is valid
because as we see from (16.2), the absolute value of the integrand

is integrable. We used a change of variables to obtain the third
equality. O

16.2 The inversion theorem

We want to give a formula for recovering f from f First we need
to calculate the Fourier transform of a particular function.

Proposition 16.5 (1) Suppose f1 : R — R is defined by

filz) = \/12?37‘702/2'

Then fl(u) = e u'/2,
(2) Suppose f, : R" — R is given by

1 e
@) = e

Then fn(u) = e lul?/2,

Proof. (1) may also be proved using contour integration but let’s
give a (mostly) real variable proof. Let g(u) = [e™®e™" */2 4.
Differentiate with respect to u. We may dlfferentlate under the in-
tegral sign because (e*(“M* — i) /] is bounded in absolute value
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by |z| and |x\e’w2/ 2 is integrable; therefore dominated convergence

applies. We then obtain
g (u) = i/em’fgce_a"z/2 dx.
By integration by parts (see Exercise 14.1) this is equal to

fu/e““”e*ﬁ/z dx = —ug(u).

Solving the differential equation ¢’(u) = —ug(u), we have
g'(u)
logg u ! = = —u7
og g(w) = L1

so log g(u) = —u?/2 + ¢1, and then
g(u) = coe /2, (16.3)

By Exercise 11.18, g(0) = fe*w2/2 dx = /2w, so ca = V27w Sub-
stituting this value of ¢p in (16.3) and dividing both sides by v/27
proves (1).

For (2), since fn(x) = fi(x1) - fi(zn) if & = (z1,...,2,), then

fn(u) = /.../eiz_iujiﬂjfl(:rl)...fl(xn)dxl... d,,
= fi(ur) - filun) = o lul?/2

This completes the proof. O

One more preliminary is needed before proving the inversion
theorem.

Proposition 16.6 Suppose ¢ is in L' and [e(x)de = 1. Let
ps(x) = 67" p(x/0).

(1) If g is continuous with compact support, then gxps converges
to g pointwise as 6 — 0.

(2) If g is continuous with compact support, then gxps converges
to g in L' as 6 — 0.

(3) If f € LY, then ||f x o5 — fll1 = 0 as § — 0.
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Proof. (1) We have by a change of variables (Exercise 8.1) that
J ¢s(y)dy = 1. Then

lg * ps(z I—‘/ r—y) —g(z)) ps(y dy‘
= | [ (ot =39 - gt ot0) ]
< / l9(z — 6) — 9(2)] |9(v)] dy-

Since ¢ is continuous with compact support and hence bounded
and ¢ is integrable, the right hand side goes to zero by dominated
convergence, the dominating function being 2| ¢||co -

(2) We now use the Fubini theorem to write

[lses@) = g@ldtr= [ ] [tota =) o) osto |
:/‘/(g(x_‘sll) —g(x))w(y)dy‘dx
S//'g(f“@)*g(ﬂﬂ)llcp(y)|dydx
://|g(m’5y)*g(x)ldx\sa(y)Idy.

y) = / lg(z — dy) — g(z)| dx.

By dominated convergence, for each y, G5(y) tends to 0 as § —
0, since g is continuous with compact support. Moreover Gs is
bounded in absolute value by 2||g||;. Using dominated convergence
again and the fact that ¢ is integrable, we see that [ Gs(y) |¢(y)| dy
tends to 0 as § — 0.

Let

(3) Let € > 0. Let g be a continuous function with compact
support so that ||f —g|l1 <e. Let h = f —g. A change of variables
shows that ||¢s|l1 = ||¢ll1. Observe

Ilf*@s— fllh < llg* s — glli + [|h*ps — 1.

Also

[P+ @5 =Rl < [[hllu+ [l sy < (Al + Rl lesll < e(+elh)-
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Therefore, using (2),

limsup || f * @5 — fllx < limsup [|h x5 —hl1 < (1 + [lo]1).
§—0 §—0

Since ¢ is arbitrary, we have our conclusion. O

Now we are ready to give the inversion formula. The proof seems
longer than one might expect it to be, but there is no avoiding the
introduction of the function H, or some similar function.

Theorem 16.7 Suppose f and f are both in L'. Then

1 —iwy () du a.e
f(y)zw/e f(u) du, -C.

Proof. If g(x) = a "k(z/a), then the Fourier transform of g is
k(au). Hence the Fourier transform of

ks 1 e_w2/2a2
am (27‘()”/2

is e=9"*/2 Tf we let

we have

We write

/ Flw)e= ™Y H, (u) du — / / ¢ F(2)e =Y H, (u) dar du
= [ [ e ) du o) do

~ [ Bule = )f ) da. (16.4)

We can interchange the order of integration because

//|f(x)| |He(u)| dz du < oo
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and [e®®| = 1. The left hand side of the first line of (16.4) con-
verges to (2m)"" [ f(u)e‘“"y dy as a — oo by dominated conver-
gence since H,(u) — (27)™™ and f € L. The last line of (16.4) is
equal to

/ﬁay—@f@ﬂmzf*HAw7 (16.5)

using that ﬁa is symmetric. But by Proposition 16.6, setting § =

a~!, we see that f x H, converges to f in L' as a — oo. O

16.3 The Plancherel theorem

The last topic that we consider is the Plancherel theorem.

Theorem 16.8 Suppose f is continuous with compact support.
Then f € L? and

1fll2 = 7)1 £l (16.6)

Proof. First note that if we combine (16.4) and (16.5), take y = 0,
and use the symmetry of H,, we obtain

/ Flu)Ho(u) du = £+ B, (0). (16.7)

Let g(x) = f(—z), where @ denotes the complex conjugate of a.
Since ab = ab,

3w = [Ty de = [ e p(co)do
_ / v f(z) dae = f(u).

The third equality follows by a change of variables. By (16.7) with
f replaced by f x g,

/f*g w)du = f*g* Hqy(0). (16.8)

Since f*g( ) = f( )g(u) = \f( )2, the left hand side of (16.8)
converges by monotone convergence to (2r)~" [ | f 2du as a —
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0o. Since f and g are continuous with compact support, then by
Exercise 15.13, f x g is also, and so the right hand side of (16.8)

converges to f * g(0) = [ f(y)g(=y)dy = [|f(y)]* dy by Proposi-
tion 16.6(2). O

Remark 16.9 We can use Theorem 16.8 to define fwhen ferL?
so that (16.6) will continue to hold. The set of continuous functions
with compact support is dense in L? by Proposition 15.5. Given a
function f in L?, choose a sequence {f,,} of continuous functions
with compact support such that f,, — f in L2. Then || f,, — full2 —
0 as m,n — oo. By (16.6), {fm} is a Cauchy sequence in L2, and
therefore converges to a function in L2, which we call f

Let us check that the limit does not depend on the choice of
the sequence. If {f/ } is another sequence of continuous functions
with compact support converging to f in L?, then {f,, — f/,} is a
sequence of continuous functions with compact support converging
to 0 in L?. By (16.6), f,, — f., converges to 0 in L?, and therefore
J/c;’; has the same limit as fm Thus f is defined uniquely up to
almost everywhere equivalence. By passing to the limit in L? on
both sides of (16.6), we see that (16.6) holds for f € L.

16.4 Exercises

Exercise 16.1 Find the Fourier transform of x(4) and in partic-
ular, find the Fourier transform of X[, n-

Exercise 16.2 Find a real-valued function f € L' such that f¢
L.

Exercise 16.3 Show that if f € L' and f is everywhere strictly

~ ~

positive, then |f(y)| < f(0) for y # 0.

Exercise 16.4 If f is integrable, real-valued, and all the partial
derivatives f; = 0f/Ox; are integrable, prove that the Fourier

transform of f; is given by ]?](u) = —zujf(u)
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Exercise 16.5 Let S be the class of real-valued functions f on R
such that for every & > 0 and m > 0, |z|™|f*) ()| — 0 as |2| — oo,
where f(*) is the k*" derivative of f when k& > 1 and f(©) = f. The
collection § is called the Schwartz class. Prove that if f € S, then
fes.

Exercise 16.6 The Fourier transform of a finite signed measure p
on R" is defined by

Al = [ e (o)

Prove that if g and v are two finite signed measures on R" (with
respect to the completion of £ x L, where £ is the Lebesgue o-
algebra on R) such that fi(u) = P(u) for all u € R™, then p = v.

Exercise 16.7 If f is real-valued and continuously differentiable
on R, prove that

([irpas) <a [lor@pas) ( [17Pds).

Exercise 16.8 Prove Heisenberg’s inequality (which is very useful
in quantum mechanics): there exists ¢ > 0 such that if a,b € R
and f is in L?, then

([0 a) ([ w-vPfwb ) = e [I7@Pd).

Find the best constant c.



Chapter 17

Riesz representation

In Chapter 4 we constructed measures on R. In this chapter we
will discuss how to construct measures on more general topological
spaces X.

If X is a topological space, let B be the Borel o-algebra and
suppose p is a o-finite measure on (X, B). Throughout this chap-
ter we will restrict our attention to real-valued functions. If f is
continuous on X, let us define

L(f) = /X fdp.

Clearly L is linear, and if f > 0, then L(f) > 0. The main topic
of this chapter is to prove a converse, the Riesz representation
theorem.

We need more hypotheses on X than just that it is a topological
space. For simplicity, throughout this chapter we suppose X is
a compact metric space. In fact, with almost no changes in the
proof, we could let X be a compact Hausdorff space, and with only
relatively minor changes, we could even let X be a locally compact
Hausdorff metric space. See Remark 17.1. But here we stick to
compact metric spaces.

We let C(X) be the collection of continuous functions from X
to R. Recall that the support of a function f is the closure of
{z: f(x) # 0}. We write supp (f) for the support of f. If G is an
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open subset of X, we define Fg by
Fo={felC(X):0< f<1,supp(f) C G}.

Observe that if f € Fg, then 0 < f < x¢g, but the converse
does not hold. For example, if X = [-2,2], G = (—1,1), and
f(x) = (1 —22)T, then 0 < f < xg, but the support of f, which is
[—1,1], is not contained in G.

17.1 Partitions of unity

The reason we take our set X to be a metric space is that if K C
G C X, where K is compact and G is open, then there exists
f € Fg such that fis 1 on K. If we let

fla) = (1- d(;“}f))+,

where d(z, K) = inf{d(z,y) : y € K} is the distance from z to K
and ¢ = inf{d(z,y) : * € K,y € G°}, then this f will do the job.

Remark 17.1 If X is a compact Hausdorff space instead of a com-
pact metric one, we can still find such an f, that is, f € Fg with
f > xx when K C G, K is compact, and G is open. Urysohn’s
lemma is the result from topology that guarantees such an f ex-
ists. (A Hausdorff space X is one where if 2,y € X, x # y, there
exist disjoint open sets G, and Gy with x € G, and y € G,. An
example of a compact Hausdorff space that is not a metric space
and cannot be made into a metric space is [0, 1]® with the product
topology.) See [1] for details.

We will need the following proposition.

Proposition 17.2 Suppose K is compact and K C G1U---UG,,

where the G; are open sets. There exist g; € Fg, fori=1,2,...,n
such that Y gi(z) =1 ifz € K.

The collection {g;} is called a partition of unity on K, subordi-
nate to the cover {G;}.

Proof. Let z € K. Then z will be in at least one G;. Single points
are always compact, so there exists h, € Fg, such that h,(z) = 1.
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Let N, = {y : h.(y) > 0}. Since h, is continuous, then N, is open,
r € N,, and N, C G;.

The collection {N,} is an open cover for the compact set K, so
there exists a finite subcover {N,,,..., N, }. For each i, let

F, = U{N713 : Nimj C G,}
Each F; is closed, and since X is compact, F; is compact. We have
F; C G;. Let us choose f; € Fg, such that f; is 1 on Fj.
Now define

g1 = f1,
g2 = (1= f1)f,

gn =1 = f1)1 = f2) - (1= fac1)fun-

Clearly g; € Fg,. Note g1 + g2 = 1 — (1 — f1)(1 — fo), and an
induction argument shows that

gt g = 1= (L= f)(1 = f) - (1= fu).

If z € K, then z € N, for some j, so z € F; for some i. Then
fi(z) =1, which implies >"}_; gx(z) = 1. O

17.2 The representation theorem

Let L be a linear functional mapping C(X) to R. Thus L(f +g) =
L(f)+ L(g) and L(af) = aL(f) if f,g € C(X)and a € R. Lisa
positive linear functional if L(f) > 0 whenever f > 0 on X.

Here is the Riesz representation theorem. B is the Borel o-
algebra on X, that is, the smallest o-algebra that contains all the
open subsets of X.

Theorem 17.3 Let X be a compact metric space and L a positive
linear functional on C(X). Then there exists a measure p on (X, B)
such that

/f (dy), fec(X). (17.1)
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We often write Lf for L(f). Since X is compact, taking f identi-
cally equal to 1 in (17.1) shows that u is a finite measure.

Proof. If G is open, let
U(G) =sup{Lf: f € Fa}
and for £ C X, let
w'(E) =inf{{(G) : E C G,G open}.

Step 1 of the proof will be to show p* is an outer measure. Step
2 is to show that every open set is p*-measurable. Step 3 is to
apply Theorem 4.6 to obtain a measure u. Step 4 establishes some
regularity of p and Step 5 shows that (17.1) holds.

Step 1. We show p* is an outer measure. The only function in Fy
is the zero function, so £()) = 0, and therefore p*() = 0. Clearly
w*(A) < p*(B)if AC B.

To show the countable subadditivity of p*, first let Gy, Go, ...
be open sets. For any open set H we see that p*(H) = ¢(H). Let
G = U;G; and let f be any element of Fg. Let K be the support of
f. Then K is compact, {G;} is an open cover for K, and therefore
there exists n such that K C U?_;G;. Let {g;} be a partition of
unity for K subordinate to {G;},. Since K is the support of f,
we have f =" | fg;. Since g; € F¢, and f is bounded by 1, then
fgi; € Fg,. Therefore

Lf =3 L(fg:) <3 w(G) < n

Taking the supremum over f € Fg,
p(G) = G) < 3 (Gy)
i=1

If Ay, As,... are subsets of X, let ¢ > 0, and choose G; open
such that £(G;) < p*(G;) +27% Then

(U Ai) < p*(U Z Gi) <D i (A
i=1 i=1

Since ¢ is arbitrary, countable subadditivity is proved, and we con-
clude that p* is an outer measure.
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Step 2. We show that every open set is p*-measurable. Suppose G
is open and F C X. It suffices to show

w(E) > (ENG) + u" (ENG°), (17.2)
since the opposite inequality is true by the countable subadditivity
of p*.

First suppose E is open. Choose f € Fgng such that
L(f) > ¢UENG)—¢e/2.

Let K be the support of f. Since K¢ is open, we can choose
g € Fpnke such that L(g) > ((ENK¢) —¢/2. Then f+ g € Fg,
and

UE)>L(f+9g)=Lf+Lg>0ENG)+{ENK") —¢
=u"(ENG)+p (ENK°) —¢
> (ENG)+p (ENGe) —e.

Since ¢ is arbitrary, (17.2) holds when E is open.

If E C X is not necessarily open, let € > 0 and choose H open
such that £ C H and {(H) < u*(E) + . Then

p(E)+e > l(H) = p"(H) 2 p*(HNG) + p*(HNG)
> p(ENG)+ p" (ENGe).

Since ¢ is arbitrary, (17.2) holds.

Step 3. Let B be the Borel g-algebra on X. By Theorem 4.6,
the restriction of p* to B, which we call u, is a measure on B. In
particular, if G is open, u(G) = p*(G) = £(G).

Step 4. In this step we show that if K is compact, f € C(X), and
f > xk, then L(f) > pu(K). Let € > 0 and define

G={z:f(z)>1—¢},

which is open. If g € Fg, then g < xg < f/(1—¢),s0 (1—¢)71f —
g > 0. Because L is a positive linear functional, L((1—¢)~1f—g) >
0, which leads to Lg < Lf/(1 —¢). This is true for all g € Fg,
hence

Lf

u(K) < u(G) < 72—

Since ¢ is arbitrary, u(K) < Lf.
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Step 5. We now establish (17.1). By writing f = f* — f~ and
using the linearity of L, to show (17.1) for continuous functions
we may suppose f > 0. Since X is compact, then f is bounded,
and multiplying by a constant and using linearity, we may suppose
0<f<L

Let n > 1 and let K; = {z: f(z) > i/n}. Since f is continuous,
each K is a closed set, hence compact. Ky is all of X. Define

0, ze K¢
fil) = flz) - =2, re K —Kj;
1 T € K,

n’

Note f=>"", fi and xk, < nf; < xk,;_,. Therefore

uks) / Frdp < ML
n n

n n—1
1 1
> uk) < [ fdu< 2 i), (17.3)
i=1 i=0
Let € > 0 and let G be an open set containing K, _; such that
w(G) < w(K;—1)+¢e. Then nf; € Fg, so
L(nf;) < p(G) < p(Ki-1) +e.

Since ¢ is arbitrary, L(f;) < p(K;—1)/n. By Step 4, L(nf;) >
u(K;), and hence

Ly ) <o s%i (17.4)

=0

and so

Comparing (17.3) and (17.4) we see that
/fd‘< O_(Kn)SM(X).

n

Since, as we saw above, (X ) = L(1) < oo and n is arbitrary, then
(17.1) is established. |

Example 17.4 If f is continuous on [a,b], let L(f) be the Rie-
mann integral of f on the interval [a,b]. Then L is a positive linear
functional on C([a, b]). In this case, the measure whose existence is
given by the Riesz representation theorem is Lebesgue measure.
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Remark 17.5 Let X be a metric space, not necessarily compact.
A continuous function f wvanishes at infinity if given € > 0 there
exists a compact set K such that |f(z)| < e if x ¢ K. Co(X) is
the usual notation for the set of continuous functions vanishing at
infinity. There is a version of the Riesz representation theorem for
Co(X). See [1] for details.

17.3 Regularity

We establish the following regularity property of measures on com-
pact metric spaces.

Proposition 17.6 Suppose X is a compact measure space, B is
the Borel o-algebra, and p is a finite measure on the measurable
space (X,B). If E € B and € > 0, there exists K C E C G such
that K is compact, G is open, u(G — E) < ¢, and u(E — K) < €.
(K and G depend on € as well as on E.)

Proof. Let us say that a subset F € B is approximable if given € >
0 there exists K C F C G with K compact, G open, u(G—FE) < ¢,
and pu(E—F) < e. Let H be the collection of approximable subsets.
We will show H contains all the compact sets and H is a o-algebra,
which will prove that H = B, and thus establish the proposition.

If K is compact, let G,, = {z : d(z, K) < 1/n}. Then the G,, are
open sets decreasing to K, and if n is large enough, u(G, — K) < €.
Thus every compact set is in H.

If Fisin H and € > 0, then choose K C E C G with K compact,
G open, p(E—K) < e,and u(G—FE) < e. Then G¢ C E° C K¢, G¢
is closed, hence compact, K€ is open, u(K¢—E°) = uy(E—-K) < e,
and p(E°¢ — G¢) = u(G — E) < e. Therefore H is closed under the
operation of taking complements.

Suppose Eq, Es, ... € H. For each ¢ choose K; compact and G;
open such that K; C E; C G;, u(Gi—E;) < €27% and u(E;— K;) <
€270+ Then U, G; is open, contains U | E;, and

,LL(UZGl — UiEi) < Z,LL(GZ — EZ) < €.
=1
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We see that U2, K; is contained in U52, F; and similarly,
pUR B — U2 K) <Y p(E — K;) < e/2.
i=1

Since Ui K; increases to U2, K;, we can choose n large so that
(U2, 41 Ki) < e/2.

Then U}, K;, being the finite union of compact sets, is compact,
is contained in U52, F;, and

p(UZ, B — UL, K;) <e.

This proves that U; E; is in H.

Since H is closed under the operations of taking complements
and countable unions and M E; = (U;Ef)°, then H is also closed
under the operation of taking countable intersections. Therefore H
is a o-algebra. O

A measure is called regular if
w(E) = inf{u(G) : G open, E C G}

and
w(E) = sup{u(K) : K compact, K C E}

for all measurable E. An immediate consequence of what we just
proved is that finite measures on (X, B) are regular when X is a
compact metric space.

17.4 Exercises
Exercise 17.1 Suppose F is a closed subset of [0, 1] and we define

1
L(f):/o fxrdx

for real-valued continuous functions f on [0,1]. Prove that if p is
the measure whose existence is given by the Riesz representation
theorem, then p(A) = m(A N F), where m is Lebesgue measure.
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Exercise 17.2 Suppose X is a compact metric space and u is a
finite regular measure on (X, B), where B is the Borel o-algebra.
Prove that if f is a real-valued measurable function and € > 0,
there exists a closed set F' such that u(F°) < e and the restriction
of f to F' is a continuous function on F'.

Exercise 17.3 Let C'([0,1]) be the set of functions whose deriva-
tive exists and is continuous on [0,1]. Suppose L is a linear func-
tional on C([0, 1]) such that

ILUHI < eallf'll + el £1]

for all f € C([0,1]), where ¢; and cg are positive constants and the
norm is the supremum norm. Show there exists a signed measure
w on the Borel subsets of [0, 1] and a constant K such that

L() =/f'du+f<f<o>, fec((0,1)).

Exercise 17.4 Suppose X and Y are compact metric spaces and
F: X — Y is a continuous map from X onto Y. If v is a finite
measure on the Borel sets of Y, prove that there exists a measure
w1 on the Borel sets of X such that

/deu:/XfOFd,u

for all f that are continuous on Y.

Exercise 17.5 Let X be a compact metric space. Prove that
C(X) has a countable dense subset.

Exercise 17.6 Let X be a compact metric space and let B be the
Borel o-algebra on X. Let u, be a sequence of finite measures
on (X, B) and let p be another finite measure on (X, 8). Suppose
tn(X) = pu(X). Prove that the following are equivalent:

(1) [ fdpn — [ fdu whenever f is a continuous real-valued func-
tion on X;

(2) limsup,,_, o pn(F) < u(F) for all closed subsets F' of X;

(3) liminf,, 00 pn(G) > 1(G) for all open subsets G of X;

(4) limy, s 00 ftn (A) = p(A) whenever A is a Borel subset of X such
that u(0A) = 0, where 94 = A — A° is the boundary of A.
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Exercise 17.7 Let X be a compact metric space and let B be the
Borel o-algebra on X. Let u, be a sequence of finite measures on
(X, B) and suppose sup,, iin(X) < 0.

(1) Prove that if f € C(X), there is a subsequence {n;} such that
J f dpin; converges.

(2) Let A be a countable dense subset of C(X). Prove that there
is a subsequence {n;} such that [ f dpin,; converges for all f € A.
(3) With {n;} as in (2), prove that [ fdpu,, converges for all f €
C(X).

(4) Let L(f) = lim,, oo [ fdpin,. Prove that L(f) is a positive
linear functional on C'(X). Conclude that there exists a measure

w such that
[, = [

for all f € C(X).



Chapter 18

Banach spaces

Banach spaces are normed linear spaces that are complete. We
will give the definitions, discuss the existence of bounded linear
functionals, prove the Baire category theorem, and derive some
consequences such as the uniform boundedness theorem and the
open mapping theorem.

18.1 Definitions

The definition of normed linear space X over a field of scalars F,
where F' is either the real numbers or the complex numbers, was
given in Chapter 1. Recall that a normed linear space is a metric
space if we use the metric d(z,y) = ||z — y||.

Definition 18.1 We define a Banach space to be a normed lin-
ear space that is complete, that is, where every Cauchy sequence
converges.

A linear map is a map L from a normed linear space X to a
normed linear space Y satisfying L(z + y) = L(z) + L(y) for all
z,y € X and L(az) = aL(z) for all z € X and o € F. We will
sometimes write Lz for L(z). Since L(0) = L(040) = L(0)+ L(0),
then L(0) = 0.

167
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Definition 18.2 A linear map f from X to R is a real linear func-
tional, a linear map from X to C a complex linear functional. f is
a bounded linear functional if

[f1l = sup{[f ()] : 2 € X, [|z]| <1} < oo.

Proposition 18.3 The following are equivalent.
(1) The linear functional f is bounded.

(2) The linear functional f is continuous.

(8) The linear functional f is continuous at 0.

Proof. [f(z) = f(y)| = |f(z —y)| < |[f[I|z = yl, so (1) implies (2).
That (2) implies (3) is obvious. To show (3) implies (1), if f is not

bounded, there exists a sequence =, € X such that ||z,| =1 for
each n, but |f(x,)| = co. If we let y,, = x,,/|f(xy,)|, then y,, = 0
but |f(z,)| =1 # 0, contradicting (3). O

18.2 The Hahn-Banach theorem

We want to prove that there are plenty of linear functionals, but
first we need Zorn’s lemma, which is equivalent to the axiom of
choice.

If we have a set Y with a partial order “<,” a linear ordered
subset X C Y is one such that if z,y € X, then either x < y
or y < x (or both) holds. A linearly ordered subset X C Y has
an upper bound if there exists an element z of Y (but it is not
necessary that z € X) such that < z for all z € X. An element
z of Y is maximal if z < y for y € Y implies y = z.

Here is Zorn’s lemma.

Lemma 18.4 If Y is a partially ordered set and every linearly
ordered subset of Y has an upper bound, then Y has a maximal
element.

Now we give the Hahn-Banach theorem for real linear function-
als.
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Theorem 18.5 If M is a subspace of a normed linear space X and
f is a bounded real linear functional on M, then [ can be extended
to a bounded linear functional F' on X such that ||F|| = || f||.

Saying that F' is an extension of f means that the domain of F'
contains the domain of f and F'(z) = f(x) if = is in the domain of

7.

Proof. 1If ||f|| = 0, then we take F' to be identically 0, so we
may assume that || f]| # 0, and then by multiplying by a constant,
that || f]] = 1. We first show that we can extend f by at least one
dimension.

Choose o € X — M and let M; be the vector space spanned
by M and xy. Thus M; consists of all vectors of the form = + Axg,
where z € X and A is real.

We have for all xz,y € M

f(@) = fly) = flz—y) <z -yl <llz— 2o + lly — zo.
Hence
f(@) = [lz — 2o < f(y) + [ly — zo
for all z,y € M. Choose a € R such that

f(@) =z = woll < < fly) + ly — o

for all z,y € M. Define fi(x + Azo) = f(x) + Aa. This is clearly
an extension of f to Mj.

We need to verify that the norm of f; is less than or equal to
1. Let x € M and A € R. By our choice of «, f(z) — ||z — zo|| < ¢,
or f(z) — a < ||z —xol|, and a < f(x) + ||z — x0]|, or f(z) —a >
—|lz — z¢||. Thus
|f(x) —a] < |lz— 0.
Replacing « by —x/A and multiplying by |\|, we get
AL = f@)/A —af <AL —2/A = 2o,

or
[f1(@ 4+ Azo)| = |f(2) + Ao < [z + Axo,

which is what we wanted to prove.

We now establish the existence of an extension of f to all of X.
Let F be the collection of all linear extensions F' of f satisfying
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||[F|| < 1. This collection is partially ordered by inclusion. That is,
if f1 is an extension of f to a subspace M7 and f5 is an extension of
f to a subspace Ms, we say f1 < fo if M1 C Ms. Since the union of
any increasing family of subspaces of X is again a subspace, then
the union of a linearly ordered subfamily of F lies in F. By Zorn’s
lemma, F has a maximal element, say, F;. By the construction
of the preceding two paragraphs, if the domain of F} is not all of
X, we can find an extension, which would be a contradiction to Fj
being maximal. Therefore F} is the desired extension. |

To get a version for complex valued linear functionals is quite
easy. Note that if f(x) = u(z) + iv(x), then the real part of f,
namely, © = Re f, is a real valued linear functional. Also, u(iz) =
Re f(iz) = Reif(z) = —v(z), so that v(x) = —u(iz), and hence

Theorem 18.6 If M is a subspace of a normed linear space X
and f is a bounded complex linear functional on M, then f can be
extended to a bounded linear functional F on X such that F' = f.

Proof. Assume without loss of generality that ||f|| = 1. Let
u = Re f. Note |u(x)| < |f(z)] < ||z||. Now use the version of the
Hahn-Banach theorem for real linear functionals to find a linear
functional U that is an extension of u to X such that ||U]| < 1. Let
F(z) =U(x) — iU (iz).

It only remains to show that the norm of F is at most 1. Fix
z, and write F(x) = re?. Then
|F(x)] =7 =eYF(z) = F(e ).
Since this quantity is real and non-negative,
|F(2)] = U(ea) < U] fle™ ]| < |-
This holds for all z, so ||F|| < 1. O

As an application of the Hahn-Banach theorem, given a sub-
space M and an element xg not in M, we can define f(z 4+ Axg) =
Axg for x € M, and then extend this linear functional to all of X.
Then f will be 0 on M but nonzero at zy.

Another application is to fix ¢y # 0, let f(Axg) = A||zo||, and
then extend f to all of X. Thus there exists a linear functional f
such that f(xo) = ||zo|| and ||f|| = 1.
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18.3 Baire’s theorem and consequences

We turn now to the Baire category theorem and some of its con-
sequences. Recall that if A is a set, we use A for the closure of A
and A° for the interior of A. A set A is dense in X if A = X and
A is nowhere dense if (A)° = 0.

The Baire category theorem is the following. Completeness of
the metric space is crucial to the proof.

Theorem 18.7 Let X be a complete metric space.

(1) If G,, are open sets dense in X, then N,G,, is dense in X.
(2) X cannot be written as the countable union of nowhere dense
sets.

Proof. We first show that (1) implies (2). Suppose we can write
X as a countable union of nowhere dense sets, that is, X = U, E,,
where (E,)° = (. We let F,, = E,,, which is a closed set, and then
F? =(and X = U,F,. Let G,, = F¢, which is open. Since F? = 0),
then G,, = X. Starting with X = U, F}, and taking complements,
we see that ) = N, G, a contradiction to (1).

We must prove (1). Suppose G1,Ga, ... are open and dense in
X. Let H be any nonempty open set in X. We need to show there
exists a point in H N (N, G,). We will construct a certain Cauchy
sequence {z,} and the limit point, z, will be the point we seek.

Let B(z,r) ={y € X : d(z,y) < r}, where d is the metric. Since
(G1 is dense in X, HNG; is nonempty and open, and we can find
and r1 such that B(z1,71) C HN Gy and 0 < 71 < 1. Suppose we
have chosen z,,_1 and r,,_1 for some n > 2. Since G,, is dense, then
G, N B(xp_1,7,—1) is open and nonempty, so there exists x, and
rn such that B(x,,r,) C G, N B(xp—1,7n—1) and 0 < r,, < 27"
We continue and get a sequence z, in X. If m,n > N, then z,,
and x,, both lie on B(xx,7x), and so d(x,,, 1,) < 2ry < 27NV +L
Therefore x,, is a Cauchy sequence, and since X is complete, x,
converges to a point © € X.

It remains to show that + € H N (N,G,). Since z, lies in
B(zy,rn) if n > N, then x lies in each B(zy,ry), and hence in
each Gy. Therefore z € N,,G,,. Also,

x € B(xn, ) C B(p-1,"n-1) C -+ C B(x1,m) C H.
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Thus we have found a point z in H N (N, Gy). 0

A set A C X is called meager or of the first category if it is
the countable union of nowhere dense sets; otherwise it is of the
second category.

An important application of the Baire category theorem is the
Banach-Steinhaus theorem, also called the uniform boundedness
theorem.

Theorem 18.8 Suppose X is a Banach space and Y is a normed
linear space. Let A be an index set and let {L, : o € A} be a
collection of bounded linear maps from X into Y. Then either
there exists a M < oo such that |Ly|| < M for all o € A or else
sup,, || Lax|| = oo for some x.

Proof. Let {(z) = sup,cy ||Laz|. Let G, = {z : {(z) > n}.
We argue that G, is open. The map = — ||L,z| is a continuous
function for each « since L, is a bounded linear functional. This
implies that for each «, the set {z : ||[Loz| > n} is open. Since
x € Gy, if and only if for some o € A we have || Lyz| > n, we
conclude G, is the union of open sets, hence is open.

Suppose there exists N such that G is not dense in X. Then
there exists xzo and r such that B(xg,r) N Gy = 0. This can
be rephrased as saying that if || — x| < 7, then ||Lo(z)|| < N
for all @ € A. If |ly| < r, we have y = (29 + y) — 0. Then
[(xo +y) — zol| = |lyll < r, and hence || Ly (zo + y)|| < N for all a.
Also, of course, ||xg — zg|| =0 < r, and thus || L, (z0)]| < N for all
a. We conclude that if ||y|| <r and a € A,

ILayll = [[La((o +y) — zo) | < [[Lal@o +y)|| + [ Lazoll < 2N.
Consequently, sup,, ||Lq|| < M with M = 2N/r.

The other possibility, by the Baire category theorem, is that
every GG, is dense in X, and in this case N, G, is dense in X. But
£(z) = oo for every x € N, Gy, O

The following theorem is called the open mapping theorem. It is
important that L be onto. A mapping L : X — Y is open if L(U)
is open in Y whenever U is open in X. For a measurable set A, we
let L(A) = {Lz:z € A}.
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Theorem 18.9 Let X and Y be Banach spaces. A bounded linear
map L from X ontoY is open.

Proof. We need to show that if B(z,r) C X, then L(B(x,r)) con-
tains a ball in Y. We will show L(B(0,r)) contains a ball centered
at 0 in Y. Then using the linearity of L, L(B(x,r)) will contain
a ball centered at Lz in Y. By linearity, to show that L(B(0,r))
contains a ball centered at 0, it suffices to show that L(B(0,1))
contains a ball centered at 0 in Y.

Step 1. We show that there exists r such that B(0,r27") C
L(B(0,2—™)) for each n. Since L is onto, Y = US2,L(B(0,n)).
The Baire category theorem tells us that at least one of the sets
L(B(0,n)) cannot be nowhere dense. Since L is linear, L(B(0,1))
cannot be nowhere dense. Thus there exist yo and r such that
B(yo,4r) € L(B(0,1)).

Pick y1 € L(B(0,1)) such that |ly1 — yol| < 2r and let z €
B(0,1) be such that y; = Lz;. Then B(y1,2r) C B(yo,4r) C
L(B(0,1)). Thus if ||y|| < 2r, then y + y1 € B(y1,2r), and so

y=—Lz + (y +y1) € L(—Zl + B(O, 1))
Since z; € B(0,1), then —z; + B(0,1) C B(0,2), hence

y € L(—z1 + B(0,1)) C L(B(0,2)).

By the linearity of L, if ||y|| < r, then y € L(B(0,1)). It follows
by linearity that if ||y|| < 27", then y € L(B(0,27")). This can
be rephrased as saying that if ||y|| < 27" and € > 0, then there
exists x such that ||z|| < 27" and ||y — Lz|| < e.

Step 2. Suppose ||y|| < r/2. We will construct a sequence {x;} by
induction such that y = L(Z?; z;). By Step 1 with ¢ = r/4, we
can find z; € B(0,1/2) such that ||y — Lzq|| < r/4. Suppose we
have chosen z1,...,2,_1 such that

n—1
Hy — ZL:KJ-H <r27".
j=1

Let e = 2=+, By Step 1, we can find z,, such that ||z, | < 2~
and

< p2~ (4D,

n
=3 e
j=1

oS - 2
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We continue by induction to construct the sequence {z;}. Let
wy, = 2?21 z;. Since |lz;]| < 279, then w, is a Cauchy sequence.
Since X is complete, w, converges, say, to x. But then |z| <
> 72,279 =1, and since L is continuous, y = Lz. That is, if
y € B(0,7/2), then y € L(B(0,1)). =]

18.4 Exercises

Exercise 18.1 Find a measure space (X, .4, u), a subspace Y of
L'(u), and a bounded linear functional f on Y with norm 1 such
that f has two distinct extensions to L!(u) and each of the exten-
sions has norm equal to 1.

Exercise 18.2 Show that LP([0,1]) is separable, that is, there is a
countable dense subset, if 1 < p < co. Show that L>°([0,1]) is not
separable.

Exercise 18.3 For k > 1 and functions f : [0,1] — R that are k
times differentiable, define

Ifller = I fllso + 11 oo+ + I1F* oo

where f(*) is the k*" derivative of f. Let C*(]0, 1]) be the collection
of k times differentiable functions f with || f|cx < oo. Is C*(0,1])
complete with respect to the norm || - ||c»?

Exercise 18.4 Let o € (0,1). For f a real-valued continuous
function on [0, 1] define

|fllce = sup |f(z)|+  sup M
z€[0,1] z,y€[0,1],x#y |{)3 — y|

Let C%([0,1]) be the set of functions f with ||f|ce < oco. Is
C*([0,1]) complete with respect to the norm || - ||¢a?

Exercise 18.5 For positive integers n let
1
A, ={rer (o) / F@)dr <n}.
0

Show that each A, is a closed subset of L([0,1]) with empty inte-
rior.
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Exercise 18.6 Suppose L is a linear functional on a normed linear
space X. Prove that L is a bounded linear functional if and only
if the set {x € X : L(z) = 0} is closed.

Exercise 18.7 A set A in a normed linear space is convex if
A+ (1-Nyed

whenever z,y € A and X € [0,1].

(1) Prove that if A is convex, then the closure of A is convex.

(2) Prove that the open unit ball in a normed linear space is convex.
(The open unit ball is the set of = such that ||z < 1.)

Exercise 18.8 The unit ball in a normed linear space X is strictly
conver if |[Az + (1 — N)y|| < 1 whenever || f|| = |lgll = 1, f # g,
and A € (0,1).

(1) Let (X,.A, 1) be a measure space. Prove that the unit ball in
LP(u) is strictly convex.

(2) Prove that the unit balls in L'(u), L>=(u), and C(X) are not
strictly convex provided X consists of more than one point.

Exercise 18.9 Let f, be a sequence of continuous functions on R
that converge at every point. Prove there exist an interval and a
number M such that sup,, |f,| is bounded by M on that interval.

Exercise 18.10 Suppose || - ||; and | - ||2 are two norms such that
lz]li < |lz]l2 for all = in a vector space X, and suppose X is
complete with respect to both norms. Prove that there exists a
positive constant ¢ such that

[zll2 < cllz]

for all z € X.

Exercise 18.11 Suppose X and Y are Banach spaces.
(1) Let X x Y be the set of ordered pairs (z,y) with

(1 + 22,91 +y2) = (z1,91) + (22,92)

for each x1,22 € X and y1,y2 € Y and ¢(z,y) = (cz,cy) if z € R.
Define |[(z,y)|| = ||z|| + ||y||- Prove that X x Y is a Banach space.
(2) Let L be a linear map from X into Y such that if z, — z in
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X and Lz, —» yin Y, then y = Lz. Such a map is called a closed
map. Let G be the graph of L, defined by G = {(z,y) : y = La}.
Prove that G is a closed subset of X x Y, hence is complete.

(3) Prove that the function (z, Lz) — x is continuous, one-one,
linear, and maps G onto X.

(4) Prove the closed graph theorem, which says that if L is a linear
map from one Banach space to another that is a closed map, then
L is a continuous map.

Exercise 18.12 Let X = C'([0,1]) (defined in Exercise 18.3) and
Y = C([0,1]). Define D : X — Y by Df = f'. Show that D is a
closed map but not a bounded one.

Exercise 18.13 Let A be the set of real-valued continuous func-
tions on [0, 1] such that

1/2 1
(z)dx — fl@)de = 1.
0 1/2

Prove that A is a closed convex subset of C([0,1]), but there does
not exist f € A such that

= inf [g|.
171l = inf [l

Exercise 18.14 Let A,, be the subset of the real-valued continu-
ous functions on [0, 1] given by

A, = {[ : there exists = € [0, 1] such that
£ (&) = f(y)] < nle—y| for all y € [0,1]}.

(1) Prove that A,, is nowhere dense in C([0,1]).

(2) Prove that there exist functions f in C([0, 1]) which are nowhere
differentiable on [0, 1], that is, f'(x) does not exist at any point of
[0, 1].



Chapter 19

Hilbert spaces

Hilbert spaces are complete normed linear spaces that have an inner
product. This added structure allows one to talk about orthonor-
mal sets. We will give the definitions and basic properties. As an
application we briefly discuss Fourier series.

19.1 Inner products

Recall that if a is a complex number, then @ represents the complex
conjugate. When a is real, @ is just a itself.

Definition 19.1 Let H be a vector space where the set of scalars
F' is either the real numbers or the complex numbers. H is an
inner product space if there is a map (-,-) from H x H to F such
that

(1) (y,x) = (z,y) for all x,y € H;

y,z) = (z, 2) + (y, >forallx y,z € H;

(
(2) (= +
(3) {az,y) = alx, )forxyEHandaeF
(4) (z,z) >0 oraller
(5) (z,z) =0 if and only if x = 0.

We define ||z| = (z,2)"/?, so that (z,z) = ||z||2. From the
definitions it follows easily that (0,y) = 0 and (z, ay) = @(z, y).

The following is the Cauchy-Schwarz inequality. The proof is
the same as the one usually taught in undergraduate linear algebra

177
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classes, except for some complications due to the fact that we allow
the set of scalars to be the complex numbers.

Theorem 19.2 For all x,y € H, we have

[z o) <l ly]l-

Proof. Let A = ||z||?, B =|(z,9)|, and C = ||y||?>. If C = 0, then
y = 0, hence (x,y) = 0, and the inequality holds. If B = 0, the
inequality is obvious. Therefore we will suppose that C' > 0 and
B#£0.

If (z,y) = Re’?, let a = ¢, and then |a| = 1 and a(y,z) =
{z,y)| = B. Slnce B is real, we have that a(x,y) also equals
(@, y)]-

(z,y)

We have for real r

)
)

0 < [lz — rayl®
= (x —ray,z — ray)
= (z,2) = raly,z) —ralz,y) +1*(y,y)
= Jlz)|* = 2rl(z, y)| + |1yl
Therefore

A—2Br+Cr*>0

for all real numbers r. Since we are supposing that C' > 0, we may
take r = B/C, and we obtain B?> < AC. Taking square roots of
both sides gives the inequality we wanted. O

From the Cauchy-Schwarz inequality we get the triangle in-
equality:

Proposition 19.3 For all z,y € H we have

Iz +yll < ll=ll + [lyll-

Proof. We write

lz+yl? = (z+y,2+y) = (z,2) + (z,9) + y,2) + (y,9)
< l=1? + 2l Iyl + lylI* = (= + llvl)?,
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as desired. O

The triangle inequality implies
[z =2 < llz = yll + ly = =]
Therefore || - || is a norm on H, and so if we define the distance

between = and y by ||z — yl|, we have a metric space.

Definition 19.4 A Hilbert space H is an inner product space that
is complete with respect to the metric d(z,y) = ||z — y||.

Example 19.5 Let i be a positive measure on a set X, let H =
L?(u), and define

(t9) = [ radn.

This is easily seen to be a Hilbert space. To show the completeness
we use Theorem 15.4.

If we let 1 be counting measure on the natural numbers, we
get what is known as the space £2. An element of /2 is a sequence
a = (a1, as,...) such that > >° | |a,|? < oo and if b = (by, b, ...),
then

(a,by = f: by,
n=1

We get another common Hilbert space, n-dimensional Euclidean
space, by letting p be counting measure on {1,2,...,n}.

Proposition 19.6 Let y € H be fized. Then the functions r —
(x,y) and x — ||z|| are continuous.

Proof. By the Cauchy-Schwarz inequality,
(2, y) = (2" )| = [ — 2, )] <[z — 2| [lyl],

which proves that the function # — (x,y) is continuous. By the
triangle inequality, ||z| < ||z — 2’| + ||2']|, or

2]l = [l < [l — ||
The same holds with x and 2’ reversed, so
izl =l ] < fl= = 2],

and thus the function  — ||z|| is continuous. O
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19.2 Subspaces

Definition 19.7 A subset M of a vector space is a subspace if
M is itself a vector space with respect to the same operations of
addition and scalar multiplication. A closed subspace is a subspace
that is closed relative to the metric given by (-, -).

For an example of a subspace that is not closed, consider ¢2
and let M be the collection of sequences for which all but finitely
many elements are zero. M is clearly a subspace. Let z, =

(1,4,...,2,0,0,...) and z = (1,%,1,...). Then each z, € M,
x ¢ M, and we conclude M is not closed because

oo

1
Hxn_xHQZ Z j72_>0

Jj=n-+1
as n — oQ.

A set E C H is convex if \x+ (1 —Az) € E whenever 0 < A <1
and z,y € E.

Proposition 19.8 Each nonempty closed convex subset E of H
has a unique element of smallest norm.

Proof. Let § = inf{||z| : z € E}. Since |z +y|* = (z +y,z + )
and similarly for ||z — y||?, ||z||?, and ||y||?, a simple calculation
shows that

lz +yl* + |z = ylI* = 2[|2[* + [ly]>.
Dividing by 4, if z,y € E, then
T+ y|?
Yz —yl? = 3lall® + l0® - | 52| -
Since F is convex, if z,y € E, then (z 4+ y)/2 € E, and we have

lz = yl1* < 2ll=)|* + 2[ly||* — 407, (19.1)

Choose y, € E such that ||y,|| — . Applying (19.1) with =
replaced by v, and y replaced by ,,, we see that

[y = ymll* < 2llynll® + 2llyml|* — 462,
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and the right hand side tends to 0 as m and n tend to infinity.
Hence y, is a Cauchy sequence, and since H is complete, it con-
verges to some y € H. Since y, € E and F is closed, y € E. Since
the norm is a continuous function, ||y|| = lim ||y,| = 4.

If y is another point with ||y/| = ¢, then by (19.1) with x
replaced by y’ we have ||y —¢'|| = 0, and hence y = ¢/. O

We say x L y, or x is orthogonal to y, if (z,y) = 0. Let at,
read “x perp,” be the set of all ¥ in X that are orthogonal to z. If
M is a subspace, let M+ be the set of all y that are orthogonal to
all points in M. It is clear from the linearity of the inner product
that z* is a subspace of H. The subspace z' is closed because
it is the same as the set f~1({0}), where f(z) = (z,y), which is
continuous by Proposition 19.6. Also, it is easy to see that M= is
a subspace, and since

MJ_ = mmeM,IJ_,
M+ is closed. We make the observation that if z € M N M=+, then
2
Hzll = <27Z> =0,
so z = 0.

The following is sometimes called the Riesz representation theo-
rem, although usually that name is reserved for Theorem 17.3. To
motivate the theorem, consider the case where H is n-dimensional
Euclidean space. Elements of R™ can be identified with n x 1
matrices and linear maps from R" to R™ can be represented by
multiplication on the left by a m x n matrix A. For bounded linear
functionals on H, m = 1, so A is 1 x n, and the y of the next
theorem is the vector associated with the transpose of A.

Theorem 19.9 If L is a bounded linear functional on H, then
there exists a unique y € H such that Lz = (x,y).

Proof. The uniqueness is easy. If Lz = (z,y) = (x,y'), then
(x,y —y') = 0 for all z, and in particular, when z =y — ¢/

We now prove existence. If Lx = 0 for all z, we take y = 0.
Otherwise, let M = {z : Lz = 0}, take z # 0 in M*, and let
y = az where o = Lz/(z,z). Notice y € M+,

Lz
(2,2)

Ly = Lz =Lz /{z,2) = (y, ),
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and y # 0.
If z € H and
Lx

w=1r— ——Y,
(v, 9)

then Lw = 0, so w € M, and hence (w,y) = 0. Then
<I’,y> = <‘T 7way> = Lz

as desired. O

19.3 Orthonormal sets

A subset {uq}taca of H is orthonormal if |ju,| = 1 for all « and
(tq,ug) = 0 whenever o, f € A and o # S.

The Gram-Schmidt procedure from linear algebra also works in
infinitely many dimensions. Suppose {z,}52 is a linearly inde-
pendent sequence, i.e., no finite linear combination of the x,, is 0.
Let uy = x1/||#1]| and define inductively

n—1

on =an = Y (TN, ),
i=1

uy = vn/[lon]|-

We have (vy,u;) =0if i < N, so uy,...,uy are orthonormal.

Proposition 19.10 If {us}aca is an orthonormal set, then for

each x € H,
>l ua)® < . (19.2)
a€cA

This is called Bessel’s inequality. This inequality implies that
only finitely many of the summands on the left hand side of (19.2)
can be larger than 1/n for each n, hence only countably many of
the summands can be nonzero.

Proof. Let F be a finite subset of A. Let

Y= Z (T, U YUy -

aEF
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Then
0< |z —ylI? = > — &, ) — (. z) + ]|
Now
o) = (D (@ e ) = 3 (0 ua) (uarz) = 3 (@, ua) .

a€EF acF acF

Since this is real, then (x,y) = (y,x). Also

Iyll? = wy) = (3 (@ uadua, Y (o ushus )

aceF BEF
= Z (@, ua )z, ug) (ug, ug)
a,BEF
= Z |<x,ua>\2,
acF

where we used the fact that {u,} is an orthonormal set and so
(uq,ug) equals 0 if o # B and equals 1 if o = 3. Therefore

0 < lly =2l = fll* = Y Nz, ua)l?

aEF

>z, ua)l® < Jla?

acF

Rearranging,

when F is a finite subset of A. If N is an integer larger than n||z||?,
it is not possible that |(z,us)|? > 1/n for more than N of the a.
Hence |(z,u4)]? # 0 for only countably many «. Label those a’s
as aq,as,.... Then

0o J
Z |(2, uq)|? Z| T, U, = Z T, Ua, ) WP < |lz]|?,
j=1 j=1

acA

which is what we wanted. O

Proposition 19.11 Suppose {uq}aca is orthonormal. Then the
following are equivalent.
(1) If {x,uq) = 0 for each o € A, then x = 0.

(2) |z|? = Y pea (@, ua)? for all x.
(8) For eachx € H, & =3 o 4 (T, Uqa)Uq-
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We make a few remarks. When (1) holds, we say the orthonor-
mal set is complete. (2) is called Parseval’s identity. In (3) the
convergence is with respect to the norm of H and implies that only
countably many of the terms on the right hand side are nonzero.

Proof. First we show (1) implies (3). Let x € H. By Bessel’s
inequality and the remarks following the statement of Proposition
19.10 there can be at most countably many « such that |(z, uq )| #
0. Let aj,as,... be an enumeration of those . By Bessel’s in-
equality, the series Y, |(z, uq,)|? converges. Using that {u,} is an
orthonormal set,

n
H > (@, tq,) ua]
j=m

n

Z T, U, ) (T, Uay, ) (U s Uay, )

m

pe
Il

J,

3
J,

(2, ua,)[> = 0

I’
S

J

n .
as m,n — oco. Thus Zj:1 (T,Uq,;)Uuq; is a Cauchy sequence, and
hence converges. Let z = Z]oil (T,Uq,)Ua,. Then (z —z,uqy,) =0

for each «j. By (1), this implies z — 2 = 0.
We see that (3) implies (2) because

n
llz||? — Z| T, U, = H Z (T, Ua, ) Ua,

2
— 0.

That (2) implies (1) is clear. O

Example 19.12 Take H = (? = {z = (z1,22,...) : D |@;|* < o0}
with (z,y) = >, 2;7;. Then {e;} is a complete orthonormal sys-
tem, where e¢; = (0,0,...,0,1,0,...), i.e., the only nonzero coordi-

nate of e; is the it" one.

A collection of elements {e,} is a basis for H if the set of finite
linear combinations of the e, is dense in H.

Proposition 19.13 Fvery Hilbert space has an orthonormal basis.

This means that (3) in Proposition 19.11 holds.
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Proof. If B = {u,} is orthonormal, but not a basis, let V' be the
closure of the linear span of B, that is, the closure with respect to
the norm in H of the set of finite linear combinations of elements
of B. Choose x € V*, and if we let B’ = BU {z/||z||}, then B’ is
a basis that is strictly bigger than B.

It is easy to see that the union of an increasing sequence of
orthonormal sets is an orthonormal set, and so there is a maximal
one by Zorn’s lemma. By the preceding paragraph, this maximal
orthonormal set must be a basis, for otherwise we could find a
larger basis. O

19.4 Fourier series

An interesting application of Hilbert space techniques is to Fourier
series, or equivalently, to trigonometric series. For our Hilbert
space we take H = L2([0,27)) and let

for n an integer. (n can be negative.) Recall that

27

(f9) = ; f(z)g(z) dx

and || f|> = 77 |f(x)]? da.

It is easy to see that {u,} is an orthonormal set:

2w ) 2w
/ einee—imz J.. / ei(n—m)x dr =0
0 0

if n # m and equals 27 if n = m.

Let F be the set of finite linear combinations of the w,. We
want to show that F is a dense subset of L2([0, 27)). The first step
is to show that the closure of F with respect to the supremum norm
is equal to the set of continuous functions f on [0, 27) with f(0) =
f(2m). We will accomplish this by using the Stone-Weierstrass
theorem, Theorem 1.7.

We identify the set of continuous functions on [0, 00) that take
the same value at 0 and 27 with the continuous functions on the
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circle. To do this, let S = {e? : 0 < 6 < 27} be the unit circle in C.
If f is continuous on [0,27) with f(0) = f(27), define f: S —C
by f(e) = f(6). Note Ui, (e?) = e™?.

Let F be the set of finite linear combinations of the U,. Sis a
compact metric space. Since the complex conjugate of u,, is u_,,,
then F is closed under the operation of taking complex conjugates.
Since Up Uy, = Upn+m, it follows that F is closed under the operation
of multiplication. That it is closed under scalar multiplication and
addition is obvious. wg is identically equal to 1, so F vanishes at
no point. If 61,05 € S and 0, # 605, then 6, — 65 is not an integer
multiple of 27, so

1 (0:)
u1(02)

or u1(01) # u1(62). Therefore F separates points. By the Stone-
Weierstrass theorem (Theorem 1.7), the closure of F with respect
to the supremum norm is equal to the set of continuous complex-
valued functions on S.

If f € L?([0,27)), then

— 61',(91—92) # 1’

/‘f - fX[l/m,27r71/m]|2 -0

by dominated convergence as m — oco. By Corollary 15.6 any func-
tion in L2([1/m,2m — 1/m]) can be approximated in L? by contin-
uous functions which have support in the interval [1/m, 2r —1/m)].
By what we showed above, a continuous function with support in
[1/m,2m — 1/m] can be approximated uniformly on [0,27) by el-
ements of F. Finally, if g is continuous on [0,27) and g,, — ¢
uniformly on [0,27), then g,, — ¢ in L?([0,27)) by dominated
convergence. Putting all this together proves that F is dense in
L2([0,27)).

It remains to show the completeness of the w,,. If f is orthogonal
to each u,, then it is orthogonal to every finite linear combination,
that is, to every element of F. Since F is dense in L2([0,27)), we
can find f,, € F tending to f in L?. Then

IFIZ = 1¢f, YL < KF = fas YL+ [(Fns PO

The second term on the right of the inequality sign is 0. The first
term on the right of the inequality sign is bounded by ||f — .|| || f]]
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by the Cauchy-Schwarz inequality, and this tends to 0 as n —
0o. Therefore || f||*> = 0, or f = 0, hence the {u,} are complete.
Therefore {u,} is a complete orthonormal system.

Given f in L2([0,27)), write
27 1 2m )
on= ) = [ fmdo = —— [ f@e ™ da,
0 V21 Jo
the Fourier coefficients of f. Parseval’s identity says that
IFI1P =" leal®.

For any f in L? we also have

Z Cnn —> f

In|<N

as N — oo in the sense that

—0
2

as N — oo.

Using €!"® = cosnx + isin nx, we have

o0

Z cpe’ A0+ZB cosnerZC’ sinnz,

n=-—oo n=1 n=1

where Ag = ¢p, By, = ¢p + ¢—p, and C,, = (¢, — c—yp,). Conversely,
using cosnx = (€™ + e~"*) /2 and sinnz = (e — """ /24,

A0+ZB cosnx+ZC sinnx = Z cne’
n=—oo
if we let ¢g = Ao, ¢n = Bp/2+ C,/2i for n >0 and ¢, = B, /2 —
Cy/2i for n < 0. Thus results involving the w,, can be transferred
to results for series of sines and cosines and vice versa.

19.5 Exercises

Exercise 19.1 For f,g € L*([0,1]), let ( fo g(x) da.
Let H = C([0,1]) be the functions that are contmuous on [0 1] Is
H a Hilbert space with respect to the norm defined in terms of the
inner product (-,-)? Justify your answer.
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Exercise 19.2 Suppose H is a Hilbert space with a countable ba-
sis. Suppose ||z,|| = ||z]| as n — oo and (z,,,y) — (x,y) asn — 00
for every y € H. Prove that ||, — z|| = 0 as n — oo.

Exercise 19.3 Prove that if M is a closed subset of a Hilbert space
H, then (M+)+ = M. Ts this necessarily true if M is not closed?
If not, give a counterexample.

Exercise 19.4 Prove that if H is infinite-dimensional, that is, it
has no finite basis, then the closed unit ball in H is not compact.

Exercise 19.5 Suppose a,, is a sequence of real numbers such that

oo
Zanbn < 00

n=1

> b2 < oco. Prove that 377 a2 < cc.

whenever > | b7 o an
Exercise 19.6 We say z,, — x weakly if (z,,y) — (x,y) for every
y in H. Prove that if z, is a sequence in H with sup,, ||z,| < 1,
then there is a subsequence {n,} and an element = of H with
llz|| <1 such that z,, converges to x weakly.

Exercise 19.7 If A is a measurable subset of [0, 27], prove that

lim e dx = 0.
n—oo A

This is known as the Riemann-Lebesgue lemma.

Exercise 19.8 The purpose of Exercise 13.4 was to show that in
proving the Radon-Nikodym theorem, we can assume that v(A) <
u(A) for all measurable A. Assume for the current problem that
this is the case and that p and v are finite measures. We use this
to give an alternative proof of the Radon-Nikodym theorem.

For f real-valued and in L? with respect to u, define L(f) =
f fdv.
(1) Show that L is a bounded linear functional on L?(1).
(2) Conclude by Theorem 19.9 that there exists a real-valued mea-
surable function g in L?(p) such that L(f) = [ fgdpu for all f €
L?(p). Prove that dv = gdpu.
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Exercise 19.9 Suppose f is a continuous real-valued function on
R such that f(z + 1) = f(z) for every z. Let v be an irrational
number. Prove that

1 ¢ !
lim ~ i) = da.
ngr;on;f(ﬂ) /O f(x)dx

Exercise 19.10 If M is a closed subspace of a Hilbert space, let
r+M={x+y:ye M}
(1) Prove that = + M is a closed convex subset of H.
(2) Let Qx be the point of x4+ M of smallest norm and Pz = x— Q.
P is called the projection of x onto M. Prove that P and @ are
mappings of H into M and M=, respectively.
(3) Prove that P and @ are linear mappings.
(4) Prove that if x € M, then Pz = z and Qz = 0.
(5) Prove that if z € ML, then Px =0 and Qz = =.
(6) Prove that
l]|* = [|Pz]|* + [|Qz|*.
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bounded convergence
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strictly, 2
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derivates, 122
derivative, 107
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dominated convergence
theorem, 55

Egorov’s theorem, 78
equivalence relationship, 4
equivalent measures, 104
essential infimum, 134
essential supremum, 134

Fatou’s lemma, 54

finitely additive, 13

first category, 172

Fourier series, 185

Fubini theorem, 85
Fubini-Tonelli theorem, 85

generates the o-algebra, 9
graph, 176

Hahn decomposition, 95
Hahn-Banach theorem, 168
Hardy’s inequality, 144
Heisenberg’s inequality, 156
Hilbert space, 179

increasing, 2
strictly, 2

indefinite integral, 112
inner product space, 177
integrable, 48
integration by parts, 127
interior, 3

Jensen’s inequality, 67
jointly measurable, 86
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Jordan decomposition theorem,
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Lebesgue decomposition
theorem, 103
Lebesgue measurable, 27
Lebesgue measure, 21, 27
n-dimensional, 86
Lebesgue o-algebra, 21, 27

Lebesgue-Stieltjes measure, 21,

27
liminf, 2
limsup, 2
linear functional, 137
bounded, 137, 168
complex, 168
positive, 159
real, 168
linear map, 167
linear space, 4
Lipschitz, 128
locally integrable, 109
lower semicontinuous, 73

maximal function, 109
meager, 172
measurable, 7
measurable rectangle, 81
measurable space, 7
measure, 13

complex, 104

finite, 15

regular, 164

signed, 93
measure space, 13
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metric space, 3

Minkowski inequality
generalized, 143

monotone, 2

monotone class, 10

monotone class theorem, 10

monotone convergence theorem,

51
w*-measurable, 22
mutually singular, 96

negative set, 93

normed linear space, 4
nowhere differentiable, 176
null set, 15, 20, 93

open, 3

open ball, 3

open mapping, 172

open mapping theorem, 172
orthogonal, 181
orthonormal, 182

outer measure, 20

pairwise disjoint, 13
Parseval’s identity, 184
partial order, 4
Plancherel theorem, 154
point mass, 14

points of density, 112
positive measure, 93
positive set, 93
premeasure, 32
probability, 15
product o-algebra, 81
projection, 189

Radon-Nikodym

theorem, 101, 188
Radon-Nikodym derivative, 101
Riemann-Lebesgue lemma, 188
Riesz representation

theorem, 159, 181
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Schwartz class, 156
second category, 172
section, 81
separable, 174
separate points, 5
o-algebra, 7
generated by a collection, 8
o-field, 15
o-finite, 15
sign function, 137
signed measure, 93
signum function, 137
simple function, 41
Stone-Weierstrass theorem, 5
strictly convex, 175
subspace, 180
closed, 180
support, 3
measure, 35
symmetric difference, 1

total variation

of a function, 118
total variation measure, 97
trigonometric series, 185

uniform boundedness
theorem, 172
uniformly absolutely
continuous, 58
uniformly integrable, 58
upper semicontinuous, 73

vanish at no point, 5

vanishes at infinity, 163

vector space, 4

Vitali convergence theorem, 59
Vitali cover, 120

Vitali covering lemma, 120

weak 1-1 inequality, 109
weak convergence, 188

Zorn’s lemma, 168
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